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Abstract

We present a typed metalanguage with support for higher-order functions, a global store,
and input-output. An operational, small-step semantics is given for the metalanguage, with
the operations on the global store and for I/O restricted to continuation passing style. We
develop, based solely on the operational semantics, a theory of term equivalence in the
metalanguage, notably an Extensionality Theorem (also known as a context lemma). By
considering equivalence classes of operationally equivalent metalanguage terms, we construct
a term model which we then use as the target for denotational semantics of imperative
programming languages. As an in-depth application of our methods, we prove correct a

number of source-to-source transformations used in a compiler for Scheme.
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Chapter 1

Introduction

The following sections give a brief overview of the important concepts mentioned in the
thesis abstract. We try to position both the problems we address, and also the methods we

use, within the broader sphere of programming language research.

1.1 Functional Programming Languages

The unifying feature of programming languages described as “functional” is that functions
are first-class entities: that is, functions may be passed as arguments to other functions
and associated with variables. Another term for describing such programming languages is
“higher-order.” There seems little question that making functions first class adds power and
expressiveness to a programming language. This extra functionality and abstraction also
make the efficient implementation of functional programming languages more challenging.
The goal of having well-performing implementations of functional programming languages

has spawned an active area of research in analysis and compilation of functional programs.

An important aspect of functional programming languages is that they are amenable to for-
mal analysis. The abstract, functional nature of these languages allows for the development
of formal semantics and techniques and tools to reason about programs written in the lan-

guage. Applications of these techniques include proving the correctness of source-to-source
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transformations (optimizations), compilers, garbage collectors, and sophisticated analyses,

such as data and control flow analyses, which provide data to the other tools.

1.2 TImperative Features

The term “imperative” refers both to a set of programming language features, notably
assignment and I/O, and also to a style of programming. Typical programs written in
imperative programming languages such as Pascal or C have a function consisting of a
sequence of statements, many of which assign values to variables, and finishing with a
statement to return the value of the function. Another typically imperative feature, related

to the notion of assignment, is that of a global store, or heap, and operations on it.

The “functional” languages which have enjoyed the most popularity — Scheme, other Lisp
dialects, ML — have imperative features, and it is rare to find a large program in one of
these languages that does not make use of some “impure” language features. From the
imperative camp, object-oriented languages are evolving more high-level, abstract features
reminiscent of the functional paradigm. The relatively new object-oriented programming

language Java features garbage collection, which is a hallmark of functional languages.

1.3 Contribution

The work presented in this thesis is of interest for both its theoretical and its practical

content.

We present a metalanguage, its formal syntax and semantics, and a model based on the

operational semantics. The language and theory include the following features:

e higher-order functions,
e 1/0 operators,

e a global store (heap), and side-effecting operators (assignment),
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e recursive types (as well as base, process, function, sum, and product types),

possibly-infinite meaningful behavior,

an Extensionality Theorem for the metalanguage,

coinduction principles for reasoning both about possibly infinite types and about

possibly non-terminating programs.

The noteworthy aspect of the preceding list is that we are able to combine many appealing
but typically problematic features into a language that also supports powerful reasoning
principles such as extensionality and coinduction. It is also notable that the entire theory
is developed operationally, thus requiring a relatively small set of mathematical and logical

concepts to understand.

After developing the syntax, semantics, and theory of the metalanguage, we then demon-
strate the application of the theory to a number of examples drawn both from the literature
and also from an actual compiler for the Scheme programming language. These applica-
tions include the first known proof of correctness of assignment elimination, an important
transformation for Scheme compilers. The examples presented demonstrate that the frame-
work we have set up is reasonable for application to actual optimizing compilers for modern

higher-order functional languages with imperative features.

1.4 Related Research

There has been extensive research into issues related to imperative features of programming

languages — particularly those having to do with assignment and side-effects.

One line of research has explored stack-based imperative languages such as Algol. Reynolds’
“Essence of Algol” [Rey81] is similar syntactically to the metalanguages on which our own
research focuses. The stack discipline of Algol has spawned much research, notably [Rey83,
MS88, OT95]. The research presented in this thesis does not address stack discipline. The

paper by Meyer and Sieber, [MS88], has been influential not only for its contribution to
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denotational semantics for Algol-like languages, but also for its presentation of a suite of
“problematic” code fragments, referred to hereafter as the “Meyer-Sieber examples,” which

have been used as examples in numerous later papers by other authors.

Rather than starting with imperative languages, another line of research has been investi-
gating adding store operations to functional languages. One approach to “cleanly” adding
stores to functional languages has been to treat the store as a finite function and (implicitly)
pass the store from function to function, exemplified by [Wad92, PJW93]. In [RV95], the
purity of the functional sublanguage is preserved by saving the state before any side-effecting

subprogram is executed, and restoring the state afterwards.

The Imperative Lambda Calculus (ILC) presented in [SRI91] uses the type system to re-
strict interaction between pure functional and imperative program phrases. Similar to the
metalanguages presented in this thesis, the imperative operations operate in continuation

passing style (CPS).

A few researchers have identified the concept of “names” as central to reasoning about

assignment, though with widely varying results. Odersky [Ode94] writes:

In a sense, names are the greatest common denominator of all programming

languages that are not purely functional.

The Av calculus presented in [Ode94] is a purely syntactic, conservative extension of the
(untyped) A-calculus [Bar81]. The new syntactic elements, names, have dynamic scope and

can be compared for equality.

The nu-calculus of Pitts and Stark [PS93] takes a similar approach, extending the (simply
typed) A-calculus with names and a test for name equality. The operational semantics of the
nu-calculus, unlike that of the Av calculus, allows names to escape the local scope in which
they were declared. The difference between these two “calculi of names” is demonstrated
by their different behavior on the term vn.n. Odersky’s Av calculus takes no steps on the

term, whereas in the nu-calculus of Pitts and Stark, the term allocates a fresh name and
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returns it. The nu-calculus semantics, where the v constructor has “run-time” reduction
behavior, is closer to the semantics for our metalanguage, and has more of the flavor of
memory allocation operators in actual programming languages. Pitts and Stark show that
the nu-calculus, even without a global store or mutation, is not extensional — terms that
give the same result in all applicative contexts may be differentiated by non-applicative

contexts.

In [RP95], Ritter and Pitts describe a translation between Standard ML and a A-calculus
with reference types. They use Howe’s method [How96] to show their translation fully

abstract. Our metalanguage also has reference types.

Research by Talcott et al., especially [HMST95, MT91] overlaps quite a bit with our own.
Like us, they use only operational semantics to develop a robust theory of a language with
side-effects and a global store. Most differences between our research and theirs stem from
different objectives: Talcott et al. study a sort of “minimal imperative language” which
reflects the call-by-value, non-extensional nature of languages such as Scheme [IEE91] or
ML [MTHS89], whereas we have designed our metalanguage as the target of a translation
from “real” programming languages and as the basis for a term model. As in Felleisen et
al. [FH92], the language presented by Talcott et al. uses a syntactic representation of state,
and syntactic manipulations of the store and store operations suffuse both the semantics and
the proofs. Our metalanguage specifies stores as finite functions with no particular syntactic
representation. An important theorem in Talcott et al.’s work is their ciu theorem, which
states that terms are equivalent in all reduction contexts, a la [FF86], iff they are contextually
equivalent (equivalent in all contexts). Their ciu theorem plays the same fundamental role
in developing a theory for their language as does our Extensionality Theorem in developing
the theory for our metalanguage. The contexts required by our Extensionality Theorem are
somewhat more simple, but those differences from Talcott et al.’s ciu theorem are the result
of the languages in question being designed for different purposes. The language presented
in Talcott et al. is untyped and reduction is call-by-value, whereas our metalanguage has

types and and supports full g-reasoning. In [HMST95], Honsell, Mason, Smith, and Talcott
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extend their results to a logic with which they verify the Meyer-Sieber examples, which we

also prove using our setup.
The mathematical and logical tools used in this thesis draw from many sources.

Observational or contextual equivalence for programming languages was introduced by
[Plo77], adapting the work of Morris [Mor68] for the A-calculus. Also in [Plo77], Plotkin
gives the syntax and typing rules of PCF, which our metalanguage extends. Operationally-
based term models were introduced in [TW96], for the (untyped) A-calculus with I/O (but

no heap).

Our Extensionality Theorem corresponds to what is often called a context lemma. A well-
known example of a context lemma is Milner’s context lemma for PCF and other typed
lambda calculi in [Mil77]. Milner’s context lemma for PCF was proven operationally. Gen-

eralizations of Milner’s results are discussed in [JM91].

Bisimulation was introduced by [HM85]. In an untyped setting, the Lazy Lambda-Calculus
paper by Abramsky [Abr90] presents a context lemma as well as defining the notion of
applicative bisimulation. Abramsky’s work, while ground breaking, requires a strong back-
ground in domain theory to follow adequately, and his observables are very different from

ours. See also [EHR91] and [Plo75].

One standard approach to proving that applicative equivalence coincides with contextual
equivalence is to show first that applicative equivalence is a congruence — that is, closed
under the term constructors of the language. Techniques for proving the congruence of
bisimulation relations appear in [How89] and are further developed in [How96] and [How95].
We do not directly use Howe’s method for proving congruence, but his work has been very

influential in this area of research.

Andrew Pitts [Pit99] and his colleagues have done much to advance the use of techniques
such as bisimulation and coinduction to develop theories based on operational semantics.
In [Gor94b], Gordon investigates another typically imperative feature, I/O, using the same

core techniques, such as bisimulation and coinduction, as we do. These techniques are
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generalized and presented more tutorially in [Gor95]. The languages explored by Gordon

include recursive types in addition to I/O.

The general idea of a relation preserved under computation recurs often in the literature.
It was used to prove program equivalence in [MT91, WO92, ORW95]; [Sta94] uses a similar

notion extended to become a logical relation.

Many of the optimizations we prove correct later in the thesis are from Clinger and Hansen’s
“Twobit” Scheme compiler and are discussed in [CH94]. A good introduction to the im-
plementation of functional programming languages can be found in [PJ87], although the
languages discussed there do not support side-effects. Assignment elimination was intro-
duced in the Orbit compiler [KKR86] and used in [KH89, CH94]. It was omitted from

[GSRY5] because the authors were unable to prove its correctness [Ram96].

1.4.1 On Reading the Proofs

The proofs are presented in a stylized manner which takes some getting used to. We use

the pf style provided by Lesley Lamport and discussed in [Lam93].

Suppose that in order to prove a proposition one needs three subgoals to be proven first.

The proof structure would be:

1. first subgoal

2. second subgoal

3. third subgoal

Q.E.D. use first three subgoals to finish

The proofs of each subgoal might involve sequences of steps also. Suppose that two steps

are needed to prove the first subgoal. Our proof structure then looks like:

1. first subgoal
1.1. first step in subproof

1.2. second step in subproof
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Q.E.D. tie up proof of first subgoal
2. second subgoal
3. third subgoal
Q.E.D.

In general, a proof step numbered x.y.z. labels the 2th subgoal in the proof of the yth
subgoal of the proof of the xth step in the proof of the top-level proposition. We use a more
compact numbering scheme, with proof steps labelled, for example, (5)2. A step labelled

th

(x)y. presents the statement of the y""' step in the proof of a subgoal nested x layers deep.

If our proof has the following structure:

1. first subgoal
1.1. first step in subproof
1.2. second step in subproof
1.2.1. first step in subsubproof
1.2.2. second step in subsubproof
1.2.2.1. first step in subsubsubproof
Q.E.D.
1.2.3. third step in subsubproof
Q.E.D.
1.3. third step in subproof
1.3.1. first step in subsubproof
Q.E.D.
Q.E.D.
2. second subgoal
3. third subgoal
Q.E.D.

then the compacted labels look like the following:

(1)1. first subgoal
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(2)1. first step in subproof
(2)2. second step in subproof
(3)1. first step in subsubproof
(3)2. second step in subsubproof
(4)1. first step in subsubsubproof
Q.ED.
(3)3. third step in subsubproof
Q.ED.
(2)3. third step in subproof
(3)1. first step in subsubproof
Q.ED.
Q.ED.
(1)2. second subgoal
(1)3. third subgoal
Q.ED.

Thus the proof step labels become shorter, but they are no longer unique. This loss of
uniqueness is acceptable, because the subproof steps can logically never be used outside

their “scope.”

One further note on the labels in the pf style. While the reader may be used to the string
Q.E.D. delineating the end of the proof, in the pf style, Q.E.D. labels the final subgoal of
a proof, which may in turn involve a sub-proof which ties together any preceding steps in

order to entail the current (sub)goal.

1.4.2 Some History

Originally, we proved substitution and context lemmas for an untyped version of the meta-
language. This, however, was not sufficient to prove equivalences for a source language such

as Scheme. Adding the types to the metalanguage, and thence to the translations from
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Scheme, restricted the possible initial continuations enough to get us the desired equiva-
lences. Section 4.5 works out a simple example of a pair of terms which are equivalent under

a typed translation but not under an untyped one.

Also, some early attempts tried making location constants related if they referenced related
terms in the store (rather than requiring simple equality as we currently do). This added
too much generality to the setup, and we were not able to prove, for example, a decent

substitution lemma.

1.5 Outline

Chapter 2 presents the syntax for our metalanguage and its operational semantics. A
term model is then developed, and various reasoning principles are derived — notably an
extensionality theorem. Chapter 3 uses the theory of the metalanguage to prove a number of
equivalences from the literature. Chapter 4 introduces a translation from the programming
language Scheme to our metalanguage. Chapter 5 defines and then proves correct the
assignment elimination optimization used in many Scheme compilers. Chapter 6 defines
and proves correct the lambda lifting transformation, used in compilers for Scheme and
other functional languages. We conclude in Chapter 7 with a discussion of open problems

and future work.



Chapter 2

An Operationally-Based Term
Model

We present the syntax and operational semantics of a typed metalanguage. The metalan-
guage extends the type system of PCF by adding recursive, reference, sum and product
types and extends the operations of PCF by adding I/O and store operators. As in PCF,

the rules for evaluation of terms are lazy (as opposed to call-by-value).

We turn the operational semantics of the metalanguage into a term model for a typed
lambda calculus by considering equivalence classes of terms with the same observable be-
havior. The observable behavior we consider is interaction via the I/O operators in the

metalanguage.

Finally, we prove a number of useful properties of the metalanguage. In particular, we
show that the metalanguage is extensional: in order to prove two terms are contextually

equivalent, one need only consider a restricted set of “extensional” contexts.

We are able to add imperative operations to PCF while maintaining a nice operational
theory by restricting the evaluation of the I/O and store operators to leftmost-outermost

position. The I/O and store operators are in continuation passing style (CPS), and therefore

13
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the effects of those operators can only be passed along to their continuations.

2.1 Syntax

The types in the metalanguage, ranged over by 7, are potentially infinite trees which respect

the following structure:
o = unit | bool | int | ref (1) | pr

Tu=o0|T=T | T4T | TXT

The base types o include int for integers, bool for booleans, ref (1) for locations with contents

of type 7, and unit for the singleton type. Type pr is for processes, which may do I/O.

We allow infinite types, so we will need to define operations on types coinductively instead

of inductively. We write 7* for the infinite type
unit + (7 x (unit + (7 % ...)))

of lists of elements of type 7.

The syntax of our metalanguage is given by the following grammar:
M:=x|n|c|l" | eem.M | MM

with z ranging over a countably infinite set of variables, Vars, and [ ranging over a countably
infinite set of location constants, Locs. Locations [7 are annotated with types and are

assigned type ref (7).
The types of the constants ¢ of the metalanguage are given in Figure 1.

A substitution o is a finite map from variables to metalanguage terms. If [x — M] € o,
then applying the substitution to a term N, denoted No, does any a-renaming necessary

to avoid capture of free variables in M by binders (A-expressions) in N.

A typing judgement I' = M:T is a triple consisting of a type environment I', a metalanguage
term M, and a type 7. Type environments map variables to types. The judgement I' = M:7

can be read as stating that type environment I' proves that term M has type 7 if every
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pred :int—int, succ:int—int,
true :bool, false :bool,

if" :bool T —T—T,

zero? :int— bool

YT :(1—>T1)—>T,

pair, g:a—fB—(axf)
Ty a,5: (X B)—a
WZa,ﬂ:(axﬁ)_)/B

1l:unat

inly g:a—(a+p)

inrq, g:0—(a+03)

case), 5:(a+f)—(a—=7)=(6—7)—y

write :int—pr—pr,
read :(int—pr)—pr,
stop :pr, stopped:pr,

new” :7—(ref (T)—pr)—pr,

deref”:ref (1) —(T—pr)—pr,
update”:ref (1) —=>T—pr—pr,
eq?,c ref (T)—=ref (1) —bool

V types o, 3,7, T,

predecessor and successor
boolean constants
conditional

true if int is zero

fixed point combinator

pair constructor
first projection
second projection

single element of unit type
left injection

right injection

sum unboxing

write an integer to stdout
read integer from stdin
halt

get fresh loc, initialize to 1st arg
dereference a location

update a location

compare locations for equality

Figure 1: Metalanguage Constants
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'k xI(z) I'F nint LHImref (1)

I' F ¢:7 where ¢:7 from Figure 1

M 7'"—7, '+ N7
I'EMN:T

L,z M:T
I'F Azt M):r'—T

Figure 2: Typing Rules

free variable z € fo(M) is assigned type I'(z). If T' = M:7, then a closing substitution o
maps the free variables x; of M to closed terms P; respecting the type environment I' — i.e.
if I'(x;) = 7;, then () b P;:7;. Thus a closing substitution o instantiates all free variables:

fu(Mo) = 0. For closed well-typed terms, we often write M:7 rather than () - M:7.

The rules for deriving type judgements are standard, and are given in Figure 2 for com-

pleteness.
Programs are closed terms of type pr.

Contexts are generated by the same grammar as terms, but with an additional production

for a typed hole:

Cuo=[—]lz|n|c|l"|Xe:r.C | CC

A context C[—;] respects a type assignment I' if for every variable binding z:7' in effect at

the hole in C, T'(z) = 7.

A state, denoted (M ; X)), is a term-store pair where M is a program (a closed term of
type pr) and store ¥ is a finite map from locations to terms. A store must be well-formed

in that all locations {7 in the domain of ¥ must map to closed terms of type 7.
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2.2 Semantics of the Metalanguage

We define the operational semantics of the metalanguage in three steps. The reduction
semantics of the PCF fragment of the metalanguage defines a relation —,.; between closed
well-typed terms. The reduction relation — 4, is defined on states, includes PCF reduction
within term components, and gives transition rules for states with store operations in head
position. Finally, we define a labeled transition relation, %0, between states which reduce

under —7},, to states headed by I/O operations.

Figure 3 presents the standard transition rules for the PCF fragment of the metalanguage,
augmented with operations on sums and products. PCF reduction is only defined on well-
typed terms — thus we omit the type annotations on the operators and locations. Substitu-
tion in the (3 rule is careful not to capture free variables in NV, as usual. We define all of the
redexes using the —1 relation, and then use one rule of inference to define —,.; as reduction
in any context. Some presentations of PCF (e.g. [Gun92]) do not allow reduction under a
A or within the operand of an application. We choose to allow reduction in all contexts,
often referred to as “full 8,” and we will later appeal to the Church-Rosser property of PCF
to prove a standardization theorem. This choice is consistent with our goal of using the
metalanguage to reason about other programs — not as an example programming language
itself. Note that reduction is lazy — operands do not need to reduce to a value before an

operator transition is taken.

Recursion is supported by the Y operator. As a simple example of its use, following is the
definition of a plus function:
plus ) (Yiri=int=int (\ Pint—int—sint Azzint. \yzint.
if(zero? y)x (P (succz) (predy)))

The term plus has type int—int—int, as it should.

Figure 4 defines the transition relation — g, between states. The first rule incorporates PCF
reduction into —g,; if the term component of a state may take a single PCF transition,

the state pair may take the corresponding transition. The new operator allocates a new
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(\e-M)N =1 M[N/] (8)
YM —1 M(YM)

pred) —1 0

predn =1 n/, ifn>0and n=n'+1
zero? 0 — true

zero? n —» false, if n # 0

iftrue MN —1 M

iffalse MN —1 N

eq?loc l1ly —1 true, if [{ =1y

eq?loc lllg —1 false, if l1 75 l2

mi(pairMN) —1 M
mo(pair MN) —1 N
case(inl M)NP —; (NM)
case(inr M\)NP —, (PM)

M —1 N
C[M] —pe C[N]

Figure 3: PCF Reduction Rules

location in the store, initializes the fresh location to its first argument, and invokes its
second argument with the new location. The deref operator invokes its second argument
with the value in the store at the location given by its first argument. The update operator
destructively updates the location given by its first argument to be the term given by its
second argument and then invokes its third argument. Like PCF reduction, store operations
are “lazy” in that store update is done with terms that are not necessarily in normal form.
The reflexive, transitive closure of — g, is denoted by —%,,. If a state (M ; X)) takes n steps

to state (M’ ; ©'), we write (M ; B) =0 (M’ ; ¥'). The domain (a set of locations) and

range (a set of terms) of a store ¥ are denoted by dom(X) and rng(X), respectively.

The meta-operation locs(M) simply returns any locations referenced in M and is easily

defined via structural induction:
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M —pep M' = (M ;5 5)) =50 (M ; Z))
{(new™ M N ; ) =50 (NI7; Z[I7 — M), if

I™ & dom(X) U locs(rng(X), M, N)
{(deref™ I” M ; ) — 50 (M N ; ) if X"y =N
(update™ "M N ; £ —ss0 (N ; S[I7 s MY if I” € dom(Z)

Figure 4: Operational Semantics for Store Operators

Definition 2.2.1

1. if M =1, locs(M) = {l},
2. if M = (M Ms), locs(M) = locs(My) U locs(Mz), and
3. if M = (A\z:7.My), locs(M) = locs(My),

4. otherwise, locs(M) = ().

When applied to a set S of terms,
locs(S) = U locs(M)

Also,

locs(My, ..., My) = locs(M;) U...Ulocs(My,)

A labeled transition system —;, for the I/O operators is defined in Figure 5. The write
operator writes its integer argument and invokes its continuation. The read operator reads
an integer and invokes its continuation with the number read. The stop operator takes a /

transition to the stopped state ((stopped ; 3')), from which there are no transitions.

Note that the write I/O operator, and the deref and update store operators, are strict in

their first arguments.
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(M ;) =%, (writen M ; T') (M ;) =%, (read M ; =)
(M5 2) By (M55 (M ;3 B (M n; 5

(M ; ) =5, (stop; X))
(M 5 2) Y. (stopped ; 5

Figure 5: Semantics for I/O Operators

2.3 State Equivalence — Bisimulation

A standard notion of equivalence for labeled transition systems is that of strong bisimula-
tion. For a good introduction to bisimulation, see [Mil90]. It is interesting to note that
labeled transition systems and various notions of bisimulation have historically been the
basic tools used to reason about concurrent processes and languages. Researchers into se-
quential languages, notably Abramsky [Abr90], Pitts [PS93, RP95] and Gordon [Gor94b,
Gor94a, Gor95], have adapted these techniques for sequential, and usually deterministic,

settings.

Two states are strongly bisimilar if they can always take the same sequence of labeled
transitions. We say that a relation between states is a strong bisimulation if whenever two
states are in the relation, they can take the same action (labeled transition) and stay in the
relation. In the following definitions, we let o range over the set of actions, Act = {?n,!n, /},
pronounced “read n”, “write n”, and “halt,” for all integers n.

Definition 2.3.1 ([—],,.;,) Given R a relation on states, we define a relation [R] on

bisim

states as follows.

(M 5 Bar)) [Blpisim (N 5 EN)

iff for all o € Act,
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1oif (M ;S S (M5 Sap), then AN, By st (N ;280 S0 (N Sn) and
(M5 Epr) RN ;5 Snr))

2. if (N ;2N) B (N';Sa0), then IM', Spp st (M3 Bpr) 40 (M' 5 Sap) and
(M5 Epr) RN ;5 Snr))

The symmetry in the above definition is clear, and we will usually focus only on one direc-
tion, simulation:

Definition 2.3.2 ([—],;,, — simulation generator) Given R a relation on states, we

sim

define a relation [R] = on states as follows.

(M 5 Zar)) (Bl (N5 2N)

iff for all a € Act,

Zf «M ; EM» £>io «M, ) EM/», then HN,, EN’ s.t.
(N ;SN) S0 (N'; Zn) and

We can unwind the definition of the transition relation —;, to get an equivalent definition

of the simulation generator [—] in terms of the store semantics transition relation — g,

sim

as follows.

Lemma 2.3.3 Given R a relation on states,

(M5 Zar) [Rl i, (N 5 Zn)) ilf

1if (M 5 3ar) =%, (writenM'; 30 ), then AN', Xy s.t.
(N5 ZN) =5 (writenN'; Sy ) and (M" 5 55,) R (N'; Z),

2. if (M ; Sar)) —%, (read M' 3 5, then AN, Sy s.t.
(N EN) =50 (read N'; B\ and Yn.(M'n; 35 ) R (N'n; E),
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3. if (M ; Zpr)) =%, (stop 5 X)), then X s.t.
(V5 ) =%, (stop 3 Sy ) and (stopped ; ) R (stopped ; Sy,

PROOF:

By unwinding the definition of ;.

Most of our proofs of simulation will be based on Lemma 2.3.3. Actually, the cases for each
I/O operator are always quite similar, so most proofs will do only one case for reduction
under — 4, to a “generic” I/O operator, io, which is considered to take a single continuation
term. The fact that the write operator requires its first argument to reduce to an integer
first does not affect any of our proofs, as only PCF reductions are allowed in that position,

and PCF reduction preserves simulation.

As with bisimulation relations, we call a binary relation between states a simulation if
whenever two states are in the relation, they can take the same action and stay within the

relation. More formally, a relation R is called a simulation relation iff R C [R];,,.

The largest simulation relation is called, not surprisingly, simulation, and it is denoted by

Seim- We take membership in <, to be our basic notion of (preordered) equivalence

between states. The largest bisimulation relation, called bisimulation, is denoted =g, .

Simulation, <, is therefore the union of all simulation relations,

Ssim: U{R | R Q[R]szm}

which is easily shown to be the greatest fixed point of [—]

sim”

From this definition of <

Seim as the greatest fixed point of the operator [—],; =~ on relations,

sim

we get the following principle of coinduction:

= RC<

sim = ~Jsim

R C[R]

This principle of coinduction forms the basis for most of our proofs of simulation.
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2.3.1 Bisimulation in a Deterministic Setting

The reduction rules for our metalanguage are deterministic up to the choice of location
constants returned by the new operator. In Section 2.5.4, we prove that metalanguage
states that differ only up to a consistent renaming of locations (denoted «,.) are bisimilar.
When stating that our metalanguage is deterministic, then, we use the following definition

of determinism:

Definition 2.3.4 (Deterministic Transition System) A transition system = is deter-

ministic if, for any state A,

if A% Band A3 B', then
B Nsim B,

Given a deterministic transition system, one can prove bisimulation of two states using
symmetric simulation subproofs:

Lemma 2.3.5 For simulation < and bisimulation =gy defined based on a deterministic

~JS1m

transition system,

it A<, B and B S, A, then
A N sim B
PROOF:
By coinduction.
Ler: S {(4,B)| A<, Band B<,, A}

We must show that S C [S];,.;,- That is, given (A, B) € S, we must show:
1.IfAS A, then 3B’ s.t. B> B’ and A’ S B, and

2.If B35 B, then 34’ s.t. A3 A’ and B' S A'.

(D1, if AS A, then 3B’ s.t. B B’ and A’ S B’

PROOF:

(2)1. 3B" s.t. B3 B" and A’ <

~JS1m

Bl
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By (A,B)e S= A<, B.

(2)2. 3A" st. A3 A" and B' <, A"
By (A,B) € S= B <, A
(2)3. A" =g A"
By determinism.
@4 B S A
By B' < im A" ~gim A" and (S, © Rsim) € Sy (8 simple coinduction).

(1)2. if B3 B, then 34" s.t. A S A’ and B' S A’
PROOF:

By the same line of reasoning as in the first case.

[

Thus most of our proofs of bisimulation consist of two proofs of simulation. Furthermore,
in most cases the two simulation proofs are nearly identical, and we will only present one
direction in detail. Whenever the other simulation proof would be different (or impossible),

we point that out.
It should be noted that in a nondeterministic setting the preceding lemma does not hold.

Consider a nondeterministic transition system with a single action (so we omit the arrow

labels in the diagrams) and two processes, A and B, with transition diagrams as follows:
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The labels {a, b, c,d} represent states. We show that A B by defining the relation R

<.
~rSim
on states,

RM {(a,q), (b,b), (c,c), (d,b)}

and then proving that R C [R] Likewise, we can show that B <, A by defining the

sim”
relation S on states,
def

S = {(a,a), (b,),(c,c)}

and showing that S C [5]

sim”
However, clearly A %4, B, because when A takes a transition to state d, B can only

transition to state b. While state b can take all of the actions that d can (none), it is not

true that d can take all of the actions that b can.

2.4 Term Equivalence

Bisimulation defines when two states (i.e. program-store pairs) have the same behavior. Of-
ten we are interested in comparing two terms for equivalence, and the two terms may not be
programs. We use a standard notion of equivalence between terms, contextual equivalence,

which formalizes when two terms are indistinguishable.

2.4.1 Contextual Equivalence

We say that two terms are contextually equivalent if they have the same I/O behavior when
inserted into every possible program context. We define contextual equivalence on open

terms, as contexts may capture free variables.

Definition 2.4.1 (contextual preorder, <)
IfT'F M, N:T, then
'FM Sye Nt
iff for all closing contexts C|—;] of type pr that respect ', and for all stores 3,

(CM];x) S

~Stm «

CIN]; %)
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Contextual equivalence, =y, is the symmetrization of Sy

Definition 2.4.2 (contextual equivalence, =y¢)

IfT'F M, N:T, then
I'-M Zyo N:T

iff for all closing contexts C|—;] of type pr that respect ', and for all stores 3,

(C[M]; Z) mm (C[N]; Z))

The contextual preorder and contextual equivalence are, by definition, congruences — that

is, both relations are preserved by all term constructors of the language.

Contextual equivalence is the relation we are most interested in between terms. However,
the quantification over all contexts makes =y difficult to establish directly, and we expend
considerable effort developing methods to ease this proof burden. The most important tool
is a “context lemma” which states that two terms are similar in a limited set of contexts if
and only if they are contextually equivalent. We will call equivalence in this restricted class

of contexts extensional equivalence.

2.4.2 Extensional Equivalence

For each type constructor (—,+, x), there is a natural way of determining whether two
terms of such a type “behave the same way”. At function types a—(, two terms are
extensionally equal if they take every term of type a to equivalent terms of type . For
product types, both projections should be equivalent, and for sum types, the case operator
should produce equivalent terms. We can view these type-based contexts (application,
projection, and case) as type deconstructors, as they decompose complex types into terms

of their component types.
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To[—]:0 ::= [—] — base types

To—p[—]:0 =:=Ta[([—] M)]:0 —V closed M:«

Torsl—Ji0 = Talm[JJ0 | Tylmal—JJo

Tovp[=]:0 2= T(asy)(8y)ylcase, g[=]l:o —V types v

Figure 6: Grammar for Type Contexts

While contextual equivalence is defined to be equivalence under all term constructors, ez-
tensional equivalence is defined to be equivalence under all type deconstructors, as described
above. Figure 6 gives the grammar for type contexts. Type contexts To[—]:0 are contexts
with a single hole of type o which produce base type o. The type contexts with holes of

base type are simply the empty context. That is,

There are no type contexts such as T,[—]:0 for different base types o and o'.

Extensional equivalence for closed terms at base types is defined simply. For base types
other than pr, terms must PCF-reduce to the same constant. Equivalent terms of type pr
must be in =, for all stores . We use the superscript e to indicate relations on closed

terms.

~e

Definition 2.4.3 (extensional equivalence for closed terms at base type, =

For closed terms M and N,

(int) M =5, N iff M =, ne N =7 . n.
00 = ? — = — , € true, ralse;.
bool) M =3, , N iff M Zcfb N ;cfb b fal

(ref(T)) M g;ef(T) N ZﬁM _>;Cf I"e N _>I);Cf .

(pr) M =}, N iff V5. (M ; X)) Rsim (N ; Z)).
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Extensional equivalence at complex types is defined in terms of type contexts and equiva-

lence at base types.

Definition 2.4.4 (extensional equivalence, complex types, =2 ,)

M =%, N:T

iff M, N:T and for all base types o,

VT, [—]:0. TH[M] =2 T,[N].

o

The definition of the extensional preorder, <° , has exactly the same structure as for =

L]
) ~verxt ext?

except that in the previous two definitions, the <’s are replaced by = and <_.  is used for

~Sim
equivalence at pr type:
Definition 2.4.5 (extensional preorder, base types, <°)

For closed terms M and N,

(int) M Sipy N iff M =5 n= N =7 . n.

~int

(bool) M Sho N iff M =, b= N —7 . b, b€ {true, false}.

(ref (1)) M Spepry N iff M = 17 = N = 17

(pr) M 5, N aff VE. (M 5 3) S (N5 Z)).

Definition 2.4.6 (extensional preorder, complex types, <!,)

M <®  N:t iff M, N:T and for all base types o,

~ert

VT[]0 Ty [M] <2 TH[N].
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The following simple proposition about <¢,, is used frequently:

Proposition 2.4.7 If M <!, N:7 and (MP, ... P;):7" for k >0, then (MP;...P;) <t.,
(NPy...Py):T'.

PRroOF: Easy induction on k.
We extend the definitions of extensional equivalence to open terms by quantifying over

closing substitutions.

Definition 2.4.8 (=.)
IfT'F M, N:T, then

'-M =, N:T

iff for all closing substitutions o that respect T,

Mo =, No:T

And similarly for the extensional preorder on open terms, <g:

Definition 2.4.9 (Se)
IfI' - M, N:T, then

LM Sep NiT

iff for all closing substitutions o that respect T,

Mo <*_ No:t

~ext
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2.4.2.1 Coinductive Definition of Extensional Equivalence

Following is an equivalent, coinductive definition of extensional equivalence. It is this def-
inition that is used to structure proofs of extensional equivalence, because we cannot use
induction on recursive types. First we define the extensional simulation generator, [—]

ext?

which operates on type-indexed families of relations between closed well-typed terms.

Definition 2.4.10 ([-],,;)

Given R a type-indexed family of relations on closed terms, R = {R; | T a type}, define

(Bl eer ™ {[R]Lo] 7 @ type)

where

MR}y N & MZI3N

[R]*)° N & VP:a.(MP)Rsz (NP)  — P closed

[R%*° N & (m M) Ry (71 N) and (72 M) R (w3 N)
M [R]‘é‘;;’g N & Vy.(case M) Riq_sy)—(3—)— (case N)
For now we denote the greatest fixed point of [—] ., as <%, until we prove that in fact
szt = 5;zt

Following are properties that the relation <7, satisfies as a fixed point of [-],,,:

. M<,, Noe M) N

~ 81}t

2. M <t

~ert

N:a—f < VP:«a. (MP) <., (NP):§ — P closed

3. M <*., N:axf & (m M) <
(772 M) Nea:t (7T2 N)/B

(m N):a, and

~ 81}t

4. M <! . N:a+8 < Vv, Pr:a—y, Py:f—y . — Py, P, closed

~ert
(case M P, Py) <., (case NP Py):y

Nezt (

Proposition 2.4.11
<* =<

~ert — ~ext
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PROOF:
(H1. (2)
PROOF SKETCH: use coinduction — show that <%, C [<Sb]..

AssuMmE: M <P, N:T

PROVE: M [l N

PROOF: Cases of 7:

(2)1. CASE: base types o
Immediate.

(2)2. CASE: a—f
Immediate from Proposition 2.4.7.

(2)3. CASE: Other type constructions are similar

2. (©)

AssuME: M <i., N:7

PROVE: VYo .VT.[—]:0o.T;[M] <, T:[N]

PROOF: Structural induction on T;[—]:0:

(2)1. CAsE: T, =[], M,N:o
PROOF: Immediate.

(2)2. Case: T = Tg[([-] P)]:0, P:v, with M, N:a—p3
Proor: By M <., N:(a—pf), we have VP:a . (M P) <i,, (N P):8. By IH(T"), we
have T'[(M P)] <; T'[(N P)], so we are done.

(2)3. CASE: Other constructions for 7" are similar.

[

All of the basic relations we use are easily shown to enjoy reflexivity and transitivity:

Lemma 2.4.12 The relations Sy Sver Sents Seges 0nd their symmetrizations (Rgim,

Sve, Zent, =op1), are preorders.

Lemma 2.4.13 Given a preorder S on states, [5] s a preorder.

sim
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Lemma 2.4.14 Given a type-indexed family of relations on terms, R, [R],,, is a preorder.

2.5 Theory of the Metalanguage

The main theoretical result in this section is an Extensionality Theorem which states that

extensional equivalence coincides with contextual equivalence, i.e.,

VI, M,N.TFM =,y Nt ' M Zyc N:T

We get this extensionality result by showing that the extensional preorder is a precongruence,
namely that <., is preserved by the term constructors of the metalanguage. To prove the
precongruence lemma, we need a substitution lemma, stating that substitution of a variable
by <¢-related terms produces <S¢ ,-related terms. The proof of the substitution lemma is

the most involved.

Before we can get to the big, important proofs, we need to establish a number of supporting
properties of the metalanguage. The reader is invited to skim this section, noting the
lemmas given, and referring back to this section as needed whilst poring over the more

interesting proofs later.

2.5.1 Simulations

The typical structure of a proof of simulation in our metalanguage is to use coinduction at
the outermost level and to use induction to prove the individual cases. Given a monotonic

relational operator such as [—] and a candidate simulation relation S, a standard coin-

stm?

ductive argument is to show that S C [S],, . and that therefore S C S

~sim”

0SS o<

~Sim Nsim] sim”?

Often, though, it
is more straightforward to show something such as S C | thus requiring

a supporting lemma that [<,;, 0SS o < These supporting lemmas are usu-

stm Nsim]sz'm - Ssim‘
ally easy to prove, and are often referred to as “Simulation up to”, as presented in [Mil90,
Propositions 3.4.2 and 3.4.3]. We give the basic lemmas, mutatis mutandis for our notation,

here.
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Definition 2.5.1 A relation S over states is a simulation up to Sy if (Seim © 5 © Seim)

18 a simulation.

the way we show that (<;,, o

Because <,;,, is defined as the greatest fixed point of [—]

~JSIm sim?

S o S,im) 1s a simulation (i.e., is contained in < ) is to show that

oSO<szm)g[<' 0S50S

(stm ~Sim Nsim]sim

then S C <

~sim’ = ~sim-

Lemma 2.5.2 (Milner) If S is a simulation up to <

PROOF: Let P S Q. Then by reflexivity of <000 P (Sgim © 5 © Seim) @ S0 P Sy @

since <, 0S50S C <

sim sim = ~osim’

[

Lemma 2.5.3 (Milner) Given a relation S over states,

if SC[SmoSoS then S C <

~sim Nsim]sim7 = ~osim"*

PROOF: By Lemma 2.5.2, it is enough to show that (<

~S1m

OSO<szm)g[<' 0So0S

~S1m Nsim] sim

(i.e. that S is a simulation up to For this purpose, let P (<, © S 0 Sgm) @ — 16

NSZTTL)

there exists P, Q; such that P S, P1 S Q1 Sy @- Suppose P %40 P'; we wish to find

Q' so that Q@ 5, Q" and P’ (<

~Ssim

oS o<, Q. Thisis done by filling in the bottom row

~sim

of the following diagram from left to right, starting with the given P':

P <. P S Q1

<. Q
~US1m ~USstm

Lo L

P <, P <, o0S0<

< !
~S1m ~S1m ~Ssim Ql ~Jsim Q

2.5.2 Properties of the Extended PCF Functional Sublanguage

Several properties of PCF, proved elsewhere in the literature, are used to get results about

our metalanguage, which is an extension of PCF. Because PCF has been extensively studied,
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we present only the statements of the PCF properties we need. For a good introduction to
PCF, and for detailed proofs including confluence, subject reduction, and standardization,

see [Mit96].

Recursive types are not a standard part of PCF and are more reminiscent of FPC, as
presented in textbooks by Gunter [Gun92] or Winskel [Win93]. In [Gor95], Andrew Gordon

presents a bisimilarity-based theory of FPC, including extensionality.
Lemma 2.5.4 (Subject Reduction for PCF) If M:7 and M — s N, then N:T.

Lemma 2.5.5 (Confluence for PCF) If M —* . N and M —*

pcf pcf
N —>;Cf P and N' _>;cf P.

N', then 3P such that

The confluence property is also known as the “Church-Rosser” (CR) property or the “Dia-

mond” property, after the commuting diagram used to illustrate confluence:

It is fundamental that if a term PCF-reduces to a constant, then a leftmost reduction
strategy will reduce to the same constant. See [JM91] for a detailed proof of standardization

for PCF-like reduction systems.

Definition 2.5.6 (_>)lkeft,pcf) The transition relation —iep per always chooses the leftmost

PCF reduction.

Lemma 2.5.7 (Completeness of Leftmost Reduction for PCF) For all constants c

of type int, bool, or ref (1), If M —>;Cf c, then M _>)lkeft vef C-
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2.5.3 Subject Reduction for Metalanguage

Lemma 2.5.8 (Subject Reduction)

1 If (M 3) =5, (M7 X)), then O & M':pr.

2. If (M ; 2) 5, (M3 "), then O - M':pr.

PROOF:

Easy by inspection of reduction rules.

2.5.4 Simulation up to Location Renaming

A property that is used in nearly every simulation proof is that a consistent renaming of

locations between states maintains <, ..

Two states are equal up to a renaming of location constants, denoted «yq., if there is a

partial bijection! ® between locations that satisfies several properties:

Definition 2.5.9 (ajc)
(M ;5 Zar)) qioe (N 5 3N)

iff 30 C Locs x Locs s.t.

1. © is a partial bijection
2. MO =N

3. locs(M) C dom(©)

4. if (I,I") € © then either

(a) I & dom(Xpr) and ' & dom(Xy) or

(b) Lar(1)O =2 n(I") and locs (X (1)) C dom(O)

1@ is a partial bijection iff © has the property that if (i,j) € © and (i',j') € ©, then (i =4’ < j = j).
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Lemma 2.5.10 If (M ; Sa) e (N 3 En) and (M ; Sar) s (M’ 2,0, then
AN, 3, st

(N5 BN Sst0 (N5 Zi)

and (M3 ) ane (N5 ).

PROOF:

Induction on n.

Lemma 2.5.11 (ay,.)

Qe © Ssim

PROOF:

PROOF SKETCH: Use coinduction.
(1. ioe € [@ioc] gim
ASSUME: 1. (M ; Zp) e (N ; X n)), witnessed by
2. © C dom (X)) x dom(Xy) a partial bijection
3. (M ; Zm)) “sto (o M5 )
Prove: 3N’ ¥ s.t.
(N ; 2n) =50 (loN'; X)) and
(M5 S0 e (N5 ).
PRrOOF: Induction on n.
(2)1. CASE: n =0
If n = 0, it must be that both sides are headed by the same I/O operator and that
they stay (after 0 steps) in ajc.
(2)2. CASE: n >0
Note that the left- and right-hand sides must have the same term structure, differing
only in the actual location constants. Therefore, for each step that the left-hand side

takes, the right-hand side may take a corresponding step. Consider the first step in the
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reduction of the left-hand side:
(M 3 Zar) S (M" 5 2500 " o (0 M5 X))
Either the first step is an internal PCF reduction, a head PCF reduction, or a head
store operation reduction.
It is clear that PCF reductions do not affect a,. — the same © remains valid after both
sides take the same step.
For head store reductions, deref and update both maintain «;,. with the same ©. This
leaves new as the only interesting case:
(3)1. CASE: M = new M; M,
(4)1. 1hs = {{(new My M5 ; X))
B sto (M3 1) ; Zpg[l = My]) 1 fresh

ji)nleﬂ,sto «'0 M" ) 2,1(4»
<4>2 rhs = ((newN1 N2 N ZN»
Lot (N 1) s SN[ = NuIY)  Ufresh

“ rhs'
(4)3. lhs' ayy. rhs'

PRrROOF: Construct new partial bijection ©' = © U {(I,1")}.
(4Y4. Q.E.D.
PRrROOF: by TH(j).

2.5.5 PCF Reduction Preserves Simulation (Full Beta)

We can do fully lazy PCF reduction (a.k.a. “full $”) without affecting the observable
behavior of states. First we define PCF-equality for terms (= termy and states (=pef statey,
Generally it will be obvious whether we are referring to =, between terms or states, and

we will usually omit the superscript.
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Definition 2.5.12 (:pcfterm)
M = s term N

iff AP s.t.
M —*.Pand N =* . P.

pef pef
Definition 2.5.13 (=, */%¢)
(M 5 Sar) =per 198 (N5 S
iff
1. M :pcfterm N, and
2. dom(Xp) = dom(Xn), and

3. Vi € dom(Enr) . Sar(l) =per € B (1)

Lemma 2.5.14 (:pcfterm is a congruence) :pcfterm is a congruence. That is, if

M :pcfterm N and M, N:7, then for all contexts C[—,]:7’,

CIM] =pes "™ C[N]

PROOF:

Easy induction on structure of C.

Lemma 2.5.15 (full § for states)

If «M ; EM» :pcfState «N ; z]N», then

(M5 Zar) Sim (N 5 280

PROOF:
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ASSUME: (M ; Spr)) 0 (o M5 20,
ProOVE: 3N’ ¥ s.t. (N ; Zn) =%, (ioN'; X)) and
(M5 S (S i © =per 7% 0 S (N5 Sy
by induction on n.
(1)1. CASE: n =0
PROOF: By M =, N and M = ioM’, it must be that AN’ s.t. N —7 . io N’ and
M’ =, N'.
(1)2. CASE: n >0
Consider the first step in the sequence of reductions.
(2)1. CASE: First step is a PCF reduction
Clearly both sides stay in =, so result follows from IH(n — 1).
(2)2. CASE: First step is a store operator
Consider new case:
(3)1. CASE: M = new M; M,
(@)1 Ths & (M ; ) = (new My My ; Sar)
Bsto (M 1) 3 Sar[l = MY 1 fresh wr.t. {My, My, S}
Y Ing
"o (ioM' 5 Zh)
(4)2. ANy, Ny s.t. N —>;Cf new Ni Ny and My =, N1 and My =pe No
PROOF: By M =, N and M = new M; M5.
(4)3. ths & (N ; Sy
—per ((new N1 No 3 En)) by Step (4)2
Ssto ((No ) s SN[ = N1J) U fresh wort. {Ny, Ny, Sy}

) rhs’
LET: " be fresh w.r.t. {Ml,Mg,Nl,NQ,EM,EN}.

(4. (M2 1) 5 Bprll = Mi])) oo (M2 17) 5 Dpr[l" — Mi])

(5. ((N21"); En[l" = Ni1])) cvioe (N2 1") s SN [I" — Ni]))

(4)6. IM" X", st (Mo 1) 3 Sl = M) 'S 0 (io M”52
St (M5 ) e (M”52,



40 CHAPTER 2. TERM MODEL

By Lemma 2.5.10.
()T, (M 1) s Sarlt” = ML) =pep (N2 1) 3 Sall” = W]}
By Step (4)2.
(4)8. 3N, 2 st (N2 17) 5 Sy [l 5 NaJ) =30 Gio N : 5 and (M 5 S5 (S i © =per © Soim)
(N5 55
PROOF: By steps (4)6 and (4)7 and TH(j).
(4)9. IN', Sy st (No 1) 5 Syl NiJ) =% (V'3 ) and (N7 %)

~sim
(N": Xy )
PROOF: By steps (4)8 and (4)5 and Lemma 2.5.11, i.e. oo C Sgjn-
(4)10. Q.E.D.

PrOOF: We have
(M5 ) o (M5 2510 (Soim © =pef © Seim) (N5 2X) Sgim (N5 25

and a;, C so we are done.

<
~/Stm
(3)2. CASE: deref and update cases

are similar to the new case, without the need to use «,.. We do need the property,

which follows directly from confluence, that if M =,.; N and M, N:ref(r), then

M= l= N =L
il
Corollary 2.5.16 (full § for terms)
If M =t €7 N M, N7, then M Zye N.
PROOF:
Immediate from Lemma 2.5.14.
It is easy to show that PCF reduction preserves extensional equivalence.

term — <o

= ~Jext

Lemma 2.5.17 =,

PROOF:
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An easy coinduction.

2.5.6 Completeness of Leftmost Reduction

w0 to an I/O operation, then

We show that if a state can reduce under unrestricted —
there is a leftmost reduction sequence which will get us to the same I/O operation, and the
continuations will be in <,
Definition 2.5.18 (—>’lkeﬂ’sto) The reduction operator —ief sio always chooses the leftmost

redex, if any. In particular, it will always choose to take a deref, update, or new step if it

can.

We prove a slightly more general lemma, allowing start states to be within a sequence of

PCF reductions of each other.

Lemma 2.5.19 If (M ; Sar)) =y 00 (N5 S and (M3 Sar) —% (oM 5 ),
then AN', X', such that

(N3 BN gt st0 (0 N5 Biy)), and

(M5 S0 ) Ssim (N5 Zy)
PROOF: By induction on the number of — 4, steps in the reduction sequence (M ; Xpr)) —%,
{lio M5 ).
(1)1. CASE: n=0

o

Immediate by Lemma 2.5.15, i.e. =po500%¢ C < .

(1)2. CASE: n >0
Consider first step of lhs:
(M 5 S0r)) Srato (M5 S50 ™ 0 (0 M 5 )
(2)1. CASE: first step is a PCF reduction
(M" 5 200 =per (N ;5 Bn)), and we get the desired result by TH(n — 1).

(2)2. CASE: first step is leftmost store op
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(3)1. CASE: M = derefl M,
AssuME: 1. Zyp (1) =@

2.58() =@
(3)2. Q@ =pes @'

By (M 5 Sar)) =per 5197 (N 5 2y )).
(3)3. Ths™ ((deref My ; X))
St (M1 Q5 ar)
ko (o M ; )

(3)4. AN] s.t. (N ; Sw) =4 (derefl N| 5 Sy)) and My =pep N

By M =, N.
(3)5. ANT s.b. (N ; Sw) —+p ey (derefl Ny ; Sy) and My =pop Ny
By completeness of leftmost reduction for PCF and transitivity of =,.;.
(3)6. rhs™ (N ; Zy))
—leftpey (derefl Ny 5 )
Slefesto (N1 Q5 w))
“left,sto (10N X)) 8.t
(M5 ) Seim (N5 Z)
By IH(n — 1).
(2)3. CASE: other leftmost store ops

are similar to deref case.

NSZ’ITL)

If (M ; 2) =%, (ioM'; X", then IM", X" such that
(M5 Z) =i 10 Lio M" 5 ), and
(M5 5 S (M5 27)

Lemma 2.5.20 (completeness of =}, ,  w.r.t. <

PROOF: immediate from preceding Lemma 2.5.19 and reflexivity of =.;.

[
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2.5.7 Substitution Lemma for PCF

A substitution lemma for PCF is used in [Pit99] and proved in [JM91]. Given standardiza-
tion, the proof of the substitution lemma is a straightforward induction on the number of

steps by the left-hand side in a standard reduction to a constant.

Lemma 2.5.21 (Substitution Lemma for PCF and <},,) For non-pr base type o, closed
terms M, N of type 7 and open term P such that v:7 = P:o, if M < . N:T, then

~ext

P[M /2] S8, P[N/al-o.

PROOF:

Recall that at base types other than pr, two terms are in <}, iff they PCF-reduce to the
same constant. We use induction on the length of a standard reduction to a constant, by
considering all possible forms of P. The induction hypothesis is:
IH(n) = if PIM/%] “ieft pef ¢, then P[N/z] =5 c
We give a few of the cases:
(1)1. CASE: P = c. Immediate.
(1)2. CASE: P=1=z
It must be that 7 = o, so by M <P, N:7, we have co-PCF-reduction to the same constant.
(1)3. CASE: P= (\y.Py) P1... P,y #x
(2)1. lhs =g Py[P[M/x]/y] Po[M/x]... P[M/x]
= (P[P /yl P... Py)[M/x]
n;lleft,pcf c
(2)2. rhs =3 Py[Pi[N/z]/y] P[N/z]... Py[N/x]
= (P[P /yl Py .. Py)[N/x]
—>;‘)cf c
by IH(n — 1).

Other cases are similarly straightforward.

[
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2.5.8 Contextual Equivalence with Empty Stores

If the terms we are considering are location-free, it suffices to show (bi)simulation starting

with an empty store.

Lemma 2.5.22 IfT'F M, N:7 and if M and N contain no locations, then I' = M 2yo N:T

iff for all closing contexts C|—;| of type pr that respect T,

(C[M]; 0) ~sim (CINT; 0)

PROOF:

(=) Immediate from the definition of .

(<) Suppose the lemma is not true. In that case, we have that for all closing contexts

C[—] of type pr that respect T,
(C[M]; 0) ~sim (CIN]; 0)
yet there must exist some context C’ and store X such that
(C'[M] ; B) Zsim (C'[N]; X))
Let the locations in ¥ be {l1,...,l,} with contents {M,..., M,}. Let {z1,...,2,}
be n fresh variables of the appropriate types. Define a context C” as follows:

" hew Q1 (Az1....new Q, (Azp.

update z; M, (... update z, M,
C"[=7])..-))
where ; has the type of M; and where C"'[] is obtained from C'[] by replacing every

occurrence of [; in C'[] by z;.

After about 2n steps, (C"[M] ; 0)) gets into a state which is identical to (C'[M]; X))
(recall that new can choose the location returned, as long as the location is fresh). The
same reasoning holds for the right-hand side, {C”[N] ; 0)). Thus the state context
{C"[] ; 0) distinguishes M and N - contradiction.
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[

Note that if M and N have locations in them, this lemma does not hold. It could be that
the only way to distinguish some such M and N is with a store with exactly those locations
set which occur in M and N. Attempting to create such a store from the empty store

cannot work, because locations created by new are guaranteed not to occur in the terms.

2.6 Substitution Lemmas for the Metalanguage

We are now ready to prove two substitution lemmas for the metalanguage — one for sub-
stitution within states and one for substitution on terms. We present the proofs of these

lemmas in quite a lot of detail, for several reasons:

1. The substitution lemmas are important, and we want a high degree of confidence that

they have been correctly proven,

2. Both the coinductive and inductive steps in the proofs are very similar to steps used
in many other proofs in this thesis. In later sections, we may give proofs in less detail,

referring to the following proofs for guidance.

3. This is, after all, a doctoral thesis, and we are more concerned with completeness and

correctness than brevity.

Lemma 2.6.1 (Substitution in States) If z:7' - Q:pr and M <, N:7', then for all

stores X3,

(QIM/x] 5 X)) Sim (QIN/z] ;5 2.

PROOF SKETCH: We define a relation S}, on metalanguage states and show that S, C S

What we actually show is that

S;r - [Sszm © S;r © Ssim]sim7

which implies 57, C by Lemma 2.5.3.

<.
~Ssim
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PROOF:
LET:
St (P SYM/a], (P ; SY[N/a]) | w7+ Pipr and
fo(rng (%)) C {x}
} for all terms P and stores ¥
where substitution is extended to stores by mapping a substitution over the range of a store.
(D1 S € [Ssim © Spr © Ssiml gim
Assume: 1. (P 3 S)[M/a], (P ; S)IN/a]) € S,
2. (P ZN[M /] =5, (io P; X))
Prove: JP”,Y" such that
L (P Z)[N/a] =5, (io P ; £")), and
2. (P 3 (Ssim © Spr © Seim) (P75 7))
(2)1. 3n, P3,%3 such that

%
sto

(P ; DM /@] Siefssi0 (10 P? 5 £3)) and
(P 2) Saim (P 5%)
PRrROOF: by Lemma 2.5.20, completeness of leftmost reduction.
(2)2. 3P" %" such that
L. (P; X)[N/z] —
2. (P 5%) (S

~sim

0 (o P" 3 ), and
S © S © Suim) (P 21,
PROOF SKETCH: We construct an induction measure (n,b) where n is the number of
steps in the leftmost reduction sequence and b = 0 if the head of P is z and b = 1
otherwise. (n,b) < (n',b') if either n < n' or (n =n' and b < V).
Let: TH(n,b) £ if (P ; )M /a] g o (o P 5 %)
then IP", X" s.t.

A (P SYIN/a] =, io P 5 1)

AGPY 3 S (S © i © Sam) (P75 )

~JS51m NSZ’ITL

We prove the induction hypothesis by con81der1ng all possible forms of P (which nec-
essarily covers cases where n =0,n > 0,b =0, and b= 1).

The possible forms of P are:
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1. zP,...P,, k>=0 2. ()\y.PO)Pl...Pk,
3. iOP1 4. newP1P2
5. deref P P, 6. update PP, P;

7. other PCF head redexes

<3>1 CASE: P=zP,...P,, k>=0
GIVEN: (@Py ... Py ; SN[M/2] ™ 11 st (io P? 5 T3

PROVE:

PROOF:

AP" ¥ s.t. ((xPy... P ; L)H[N/x] —

S
sto

(4)1. left-hand side reduces:

<<:I? P1 ..

- P s B)[M/x]

= (M Pr...Py; 2)[M/a]
n_’;)left,sto <<'°P3 23»

(4)2. 3P*, %% such that (MP; ... Py ; S)[N/z] —*

sto

and (P?; 32)) (Syim © Spr © Seim) (P 5 2%
PROOF: by IH(n,0) and (4)1.

(4)3. IP", %" such that (NP ... P, ; 2)[N/z] —

and (P*; £) S, (P 5")
PrROOF: By M <, N:7'.
(4)4. Q.E.D.
Note that (P ... Py ; S)[N/z] = (NP ... P ; L)[N/x].
We have:
(P 5 5% (Syim © St © Saim) (P12 Sy (P55

E
sto

<3>2 CASE: P = ()\yPO) 1o Py, E>0
GIVEN: (Ay.Po)Py ... P 3 SYIM /2] “repsnto (o PP 3 59

PROVE:

AP", %" such that

«()‘yPO)PlPk >>[N/‘/I;] _>sto
(P 5 29N (Syim © Spr ) (P53 E7)

~JS1m NSZ’ITL

{(io P ; 37))
and (P ; X%) (Syim © Spr © Seim) (P 5 2")

{(ioP" ; ") and

k>0

{(io P* ; ©4))

(o P ; 51")

47
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PROOF:
(4)1. Left-hand side reduces:
((A\y.Py)Pr ... Py ; )M/ x]
= (\y.Po[M/z])Po[M]/z] ... Py[M/x] ; S[M/x])
Stepesto {(Po[M/z][PL/y))Pa[M][]... Pe[M/x] ;
S[M/])
= ((Po[PL/y))Py .. Py 3 B)[M/a]

n—1,0 .
— left,sto <<'OP3 ; 23»
Note that in the future we will generally omit the distribution and abstraction of

substitutions, explicitly shown in the second and fourth lines above, when there is
no interesting interaction between substitution and other calculations.
(4)2. Right-hand side reduces:
(Ay.Po)Pr ... Py ZH[N/x]

= per {(PO[P1/Y]) P2 ... Py 5 S)[N/2]
(4)3. Q.E.D.
PRrROOF: by IH(n — 1, 0).

(3)3. CASE: P =io P,

GIVEN: ((io Py ; SN[M/z] ey o0 (io P35 53)

Prove: 3IP",¥" such that ((io P ; X)[N/z] —%,, (ioP" ;X"
and (P?; 5%) (S © Sty © Saim) (P55

PROOF: Immediate. The only steps that the left-hand side can take are internal

PCF reductions, and by Lemma 2.5.15, {(io P3 ; £3)) <_. . ((io P, ; £))[M/z]. Choose

P" = Pi and we have (io P*; %)) < (o Py ; S)[M/x] S5, (io P" ; L)[N/x].
(3)4. CASE: P =new P\ P,

GIVEN: ((new PPy ; SN[M/z] "oy 10 ((io P35 53)

Prove: 3JP" X" such that {(new P, Py ; 2)[N/z] =%, (io P"; £")
and (P*; 2%) (Syim © Spr © Seim) (P 5 5")
PROOF:

(4)1. Left-hand side reduces:



2.6. SUBSTITUTION LEMMAS FOR THE METALANGUAGE

{{(new Py Py ; £)[M/x]
Ltefsto ((Po1) 5 S[L > PWM/a], 1 fresh wor.t. M, Py, Py,

j<n,0 .
J_n> left,sto «'0 P3 ) 23»
(4)2. LET: I’ be fresh w.r.t. M, N, P, P, %,

(@3, ((Bal) ; [ = PY[M /a]
o ((Pol!) s S[U' = Pi])[M/a]
L efiosto (o P15 S4) s.t.

(o % ; %) ane (fio P ; 1)
By Lemma 2.5.10.
(4)4. Right-hand side reduces:
{(new Py Py ; ) [N/x]
—sto (P2l") ; B[l" = P)[N/7]
=%, {(io P" ; X)) s.t.

(P35 B (Syim © Spr © Sim) (P 5 5")
By Step (4)3 and IH(j).
(4)5. Q.E.D.
We have

(P 2%) Syim (P52 (
by Lemma 2.5.11 (oo C
(3)5. CASE: P = deref P\ Py
GIVEN: ((deref PPy : SN [M/2] "2 p 510 (o P? 5 $3)
PROVE: 3P, " s.t. ((deref PPy ; SY[N/a] -, (io P" ; =)
and (P%; $3) ( ) (P75

0 Sy © Seim) (P53 Z)

<.
~ sim

Ssim)'

< o< .
~sim © Spr © Jsim

PROOF:
(4)1. Left-hand side reduces:
{(deref PPy ; ¥) [ M/ z]
— e (dereflPy s X)[M/x]  for some [
Zeprsto (P2Q) ; SHM/z],  assuming £(1) = Q
" o (0 P55
(2. if PI[M/z] =7,y ,0p I, then PI[N/z] =7 .1

49
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PROOF: By substitution lemma for PCF, Lemma 2.5.21. At ref types, <¢ ,-related
terms coreduce to the same location constant.
(4)3. Right-hand side reduces:
(deref PL Py ; X)[N/x]
—>;cf (deref(Py ; X)[N/xz] by (4)2

—sto ((P2Q) 5 ZH[N /7]
(4)4. Q.E.D.

PRrROOF: by IH(j,0).
(3)6. CASE: P = update P; P, P3
GIVEN: ((update PP, Ps ; S)[M/z] "3 1ep s10 ((io P3 ; £3))
ProveE: 3JP" X" such that
((update Py P, Py ; S)[N/x] =5, (o P”; £")) and
(P? 5 220 (Ssim © Spr © Sim) (P"5Z")
Proor:
(4)1. Left-hand side reduces:
{(update P P2 P ; ) [M /1]
—ef (update PPy 3 X)) [M /]
St sto (s 3 Bl > Pol){M/x]
"B g (o PP 5 )
(42 if PI[M/z] =74 ,op I, then Pi[N/z] =7 .1
PROOF: Again, by the substitution lemma for PCF, Lemma 2.5.21.
(4)3. Right-hand side reduces:
{(update P P2 Ps 5 X)) [N/ ]
—ef (update PPy B)[N/x] by (4)2

—sto (P55 B[l = P])[N/z]
(4)4. Q.E.D.

PRrOOF: by IH(j,0).
(3)7. CASE: other PCF head redexes

Are all similar to 3 case, step (3)2.
(1)2. ((Q[M/z]; %), (QIN/x] ; %)) € Sy
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Because fv(rng(X)) = 0 for any store component ¥ of a well-formed state.

Lemma 2.6.2 (Substitution on Terms) If z:7' - Q:7" and M <P, N:7', then

~ert

QM/x] Sy QIN/2l:7",

PROOF SKETCH: We define a type-indexed family of relations S. We then show that for all

types 7, Sy C [S],,, which implies that S C <% ,. Finally, we show that (Q[M/z], Q[N/z]) €

= Seat-
S.
PROOF:
LET: S; o (P[M/z), P[N/z]) | x:7' = P:7}, for all types 7 and terms P
s s,

(1)1. S; C [5],,, forall 7
PROOF:
Consider the cases of type 7. For each 7, consider any pair,
(P[M/x],P[N/x]) € S: :
(2)1. CASE: int, bool, ref (7")
PROOF: We can show that P[M/z] <%, P[N/z]:T by appealing to the substitution
lemma for PCF, Lemma 2.5.21.
(2)2. CASE: axf, a+8, a—f
PrROOF: All three cases follow immediately from the definition of S. In particular, if

M <*® . N:7', then it is immediate that:

(my P[M/z]) S (m1 P[N/z]), for z:7' = P:ax 3
(mo P[M/z]) Sp (mg P[N/z]), for z:7' F P:axf
(case P[M/z] P\ Py) Sy (case P[N/z] P, P»), for z:7' F P:a+(, and
(P[M/z] R) S (P[N/z] R) for z:7" + P:a—p

for closed terms P;, P>, and R.
(2)3. CASE: pr
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By the definitions of Sy, and [—]2,, we must show: for all P s.t. z:7" - P:pr, for all
stores 33,
(P[M/x]; B) Sgim (PIN/z] ; X)),
which is immediate by Lemma 2.6.1.
(2. € <o

PROOF: By coinduction.

(1)3. (Q[M/z],Q[N/z]) € S
(1)4. Q.E.D.

[

2.7 Precongruence of the Extensional Preorder

Using the substitution lemma, we can prove the following precongruence property:

Lemma 2.7.1 (precongruence of <)

Sest 18 a precongruence — that is, if ' = M <.p N:T, then for all contexts C|—;] which

~ ~

respect T, 4f AU, 7' s.t. IV + C[M], C[N]:7', then

I'+ C[M] Sewt C[N]:T'.

PROOF:

To prove that <., is a precongruence, we need to show that <. is a preorder and is
preserved by the six productions of the grammar for the metalanguage presented on Page 14:
(1)1. <eg¢ is a preorder

By Lemma 2.4.12.
(1)2. CASE: I'Fn S niint VI, n

By reflexivity of <eg.
(1)3. CASE: T'HI™ Seg [Tiref (1) VILIT

By reflexivity of <egp.
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(1)4. CAsE: if a:7, then I'F ¢ Seqe :7 VI
By reflexivity of <eg.
(1)5. CASE: if ' - a:7, then ' - o Segp 7
By reflexivity of <.
(1)6. CASE: if Iyz:7' F M Sepp N:7, then
' (A\x:r'. M) Sept (A7 .N):m'—71
From the definition of <. and Lemma 2.5.17, namely that PCF reduction preserves
extensional equivalence. closing substitutions.
()7. CasE: if TE M <.y M':7"s7 and T+ N <.y N":7/, then
C'F(MN) Sext (M'N'):T.
We split this case into two subcases:
(2)1. CasE: if T'H M <.y M':7'—7, then for all closed N of type 7/,
Db (M N) Sem (M N):7
Follows from definition of <., at function type.
(2)2. CasE: if T'E N <S¢ N':7', then for all closed M’ of type 7’ —,
I F (M N) So (M N'):7
LET: o be a closing substitution for both sides.
PROVE: (M'N)o <!, (M' N')o:r

~ext

(3)1. No <5,y N'o:r
By I'F N <S¢ N: 7
(3)2. (M'z)[(No)/z] Sepy (M 2)[(N'0) /2]

~ext

By Substitution Lemma, for terms, Lemma 2.6.2.
(3)3. Q.E.D.
Do substitution for z in step (3)2 and lift o outside application (M’ is closed).
(2)3. Q.E.D.

By transitivity of <g.
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2.8 The Extensionality Theorem

Given that <. is a precongruence, the extensionality result we have been aiming for follows

easily.

Theorem 2.8.1 (Extensionality)
'FMSen Nt T'EM Sy Nit

PROOF:
(H1. =
Assume T' - M <. N:7. By the precongruence of <., Lemma 2.7.1, for all contexts
C[—,] of type pr which respect ', I' - C[M] Segt C[N]:pr. By the definition of <ep at
type pr, the result follows.
(1)2. <
AssuME: I' - M Sy NiT
That is, for all contexts C[—;]:pr and all stores X,
(CIM] 5 ) Sy (CINT 5 2.
PrROVE: T'FM <S¢ NiT
That is, for all closing substitutions o,
Mo <8, No:T.
That is, for all base types o, and type contexts T-[—]:0,
T;[Mo] <; T:[No].
(2)1. For any closing substitution o, 3C; s.t.
(Mo) Sty (No)it & Co[M] <2y Co[N]er
PROOF: It is easy to construct contexts to capture free variables with the same terms
(after ) as 0. By Lemma 2.5.17, B-reduction preserves <, ..
(2)2. Co[M] Sye Co[N:T
ProOOF: By I' - M <, N:7 and the fact that < is a precongruence (by definition).

(2)3. ColM] Sye ColN)ir = C[M] S2yy ColN]ir
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[

AssuME: For all contexts C[—;]:pr and stores X,
(CIC,IM]] 3 2) S i (CIC,INT] 5 )
PRrROVE: For all base types o and type contexts T,-[—]:0,
T,[Co[M]] S5 T4 [Co[N]]
PROOF: For o = pr, result is immediate.
For other base types, we must construct contexts of type pr which distinguish PCF
reduction to different base values. Consider int type:
LET: Cjpt o
{(if (n =int Cy[—])(write 1 stop)(write Ostop)) | n an integer}
(3)1. For any Tr[—]:int
TrCo[M]] Sy T Col N &
VG € Cints S (CalM] 5 2) S

Ssim {Cn[N]; X))
PROOF: which is true by assumption.
Other base types are similar to int. For ref(r) types, we can distinguish different

location constants with eq?;,."”.

We now present a useful property of the metalanguage which follows easily from extension-

ality and other previous results.

2.8.1 Extensional Equivalence at Sum Types

At sum types, there is an alternative method for showing extensional equivalence, using the

injection operators rather than case.

Proposition 2.8.2 If M, N:a+03, then M <’ , N:a+0 iff

~ext

if M =3, (inl M'), then 3N" s.t. N =7, (inl N') and
M'<* N, and

~ext
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2. if M =7, (inr M'), then IN" s.t. N =7 . (inr N') and

M'<®, N':B.

~ext

PROOF:

(=) In each case, N must reduce to the correct form, (inl N') or (inr N'), as it easy to
construct a counterexample to the assumption that the terms are in b, (e.g. at type
v = pr) otherwise. Result follows from Extensionality (Theorem 2.8.1) and from the

fact that PCF reduction preserves =y (Lemma 2.5.16).

(<) Consider each type 7. Result follows by precongruence of <., Lemma 2.7.1. For
example, in pr case we end up needing to show (PiM'; X)) <. (PiN'; X)) with
M' < N', which follows from precongruence of <.;;. As another example, in the
function case, we end up needing to show something like ((PyM')Ps) Segt ((PLN')P3),

which again follows from the precongruence of <.



Chapter 3

Examples from the Literature

In this chapter, we work through some examples from the literature. The exercise of doing
these examples serves two main purposes: first, it allows our methods to be compared to
others; second, these examples are short and provide a good introduction in preparation for

the more substantial applications presented in following chapters.

3.1 Some Meyer-Sieber Examples

The paper by Meyer and Sieber, [MS88], has long been a source of good test cases for
proving the observable equivalence of program fragments in an imperative language. While
much of the research which follows the Meyer-Sieber paper focuses on formalizing the stack
discipline of Algol, e.g. [OT95], the examples given are suitable if only a heap is assumed
for storage. We present the proofs of equivalence for two of their examples to demonstrate

the application of our techniques.

3.1.1 Meyer-Sieber Example 1

The first example given by Meyer and Sieber is as follows:

o7
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The block below is replaceable simply by the call P.
begin
new r;

P; % P is declared elsewhere

end

A straightforward CPS translation from this fragment of Algol to our metalanguage, where
all blocks get translated to terms of type pr—pr, yields the following term for the block

above:
[ihs] = (Ak:pr.new O (Az:ref (int).P k))

The term takes a run-time continuation x, allocates a fresh location, initializes the loca-
tion to 0, binds the new location to z, and invokes the closed metalanguage term P with

continuation x. P must have type pr—pr.
The translation of a call to P is simply P.

The Extensionality Theorem says that to prove the two translations operationally equivalent

we need only show that for all stores > and all closed terms K of type pr,

{((Ac.new 0 (Az.P k)) K ; X)) ~gim (P K ; 2))

Because —%, preserves g, we may reduce the left-hand side of the above equation:

sto

[ths] =%, ((P K)[I/2]; X[l = 0) (1 fresh)

= ({((PK);X[l—0]) (P and K are closed)

which is the same as (P K ; ¥)), up to a consistent renaming of locations (i.e. in ayy., with

partial bijection © = (). By Lemma 2.5.11, the two blocks are equivalent.

Thus we are able to prove the equivalence of the first Meyer-Sieber example by simple

calculation and direct use of a few properties of the metalanguage.
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3.1.2 Meyer-Sieber Example 4

Example 4 from [MS88] is given as:

The block below always diverges.

begin
new r; newy;
procedure Twice;beginy := 2 x contents(y) end;
z:=0; y:=0;
Q (Twice); % Q is declared elsewhere
if contents(xz) = 0 then diverge fi

end

In a language with I/O, the above block is not necessarily equivalent to diverge, as the
procedure @ might do I/O. So we will undertake to prove the equivalence of the following

two blocks:

begin
new ; New y;
procedure Twice;beginy := 2 x contents(y) end;
z:=0; y:=0;
Q (Twice); % Q is declared elsewhere
if contents(x) = 0 then skip else diverge fi

end
is operationally equivalent to:

begin
new r; newy;

procedure Twice;beginy := 2 x contents(y) end;

z:=0; y:=0;
Q(Twice); % @ is declared elsewhere
end

where skip does nothing.
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A translation from Algol to our metalanguage gives us the following metalanguage term for
the original block:
lorig] = (Ak:pr.new 0 (Az:ref (int). new 0 (Ay:ref (int).
fo Twice (derefz (Avg. zero? vy k §2)))))

where Twice is defined as:
Twice ® (AK":pr.derefy (Av,. updatey (x 2vy) k')
and where fq is a variable of type (pr—pr)—pr—pr.

The [orig] term takes a run-time continuation k, allocates fresh locations for z and y,
initializes them to 0, and then continues with = and y bound to the fresh locations. The
body of the block invokes whatever procedure is bound to fg, sending it Twice and a
continuation which checks if z is zero, continues with & if so and diverges if not. Twice, in
which y will be bound to a location at run-time, takes a run-time continuation ', gets the
current value of y, binds the value to vy, then updates y with (2 * v,) and continues with

k’. The entire block has type pr—pr.

The translation of the replacement block, [repl], is exactly the same as [orig], except that

the (derefz...) continuation is replaced by simply &.

To prove that the two translations are operationally equivalent, we appeal to the Exten-
sionality Theorem and set out to prove that for all terms K of type pr—pr, all closing

substitutions [/ f,] and all stores X,

([origllQ/ fq] K ;X)) =sim ([repl][Q/ fq] K ; X))

The left-hand side of the above equation will take a number of steps to the following state:
{(Q Twice (deref x (A\vg. zero? vy, K )))[lz/x,ly/y] ;
Z[ZCI: = 0’ ly = 0]» (lfvﬂ ly freSh)

Similarly, the right-hand side goes to:
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((Q Twice K)[la/z,1y/y] ;
Xy = 0,1, — 0])
Actually, the locations might be different on the two sides but the metalanguage theory

allows us to ignore differences up to «j,.

We now construct a candidate simulation relation S, which includes the two states above,

and we prove that S is indeed a simulation.

SY 1 (M Dor, (M 2)os) |

Jo(M; g (%)) € {z},
o1 = (derefly (Avg. zero? vy, K Q))/z,
o9 = K/z,
%(lz) =0,
ly & locs(M, K,rng(X)) }
The pair of states in which we are interested is clearly in S, with M = (Q Twice z). Because

[, is allocated fresh, we know that () and K contain no references to [.

The proof that S is indeed a simulation is a straightforward coinduction — namely, we prove

that S C [S],,,,- The proof of inclusion for each clause in the definition of [—] =~ is by
induction on the length of a standard reduction of the left-hand side to an I/O operator.
The cases where M is of the form (update My My Ms3) or (deref My My), and My PCF-reduces
to a location constant [, are handled by appealing to the definition of S to show that [ # [,.
In the new and update cases, the (derefi, ...) term on the left-hand side can make its way
into the store, which necessitates allowing z in the free variables of the store and applying
the substitutions to the store as well as the term. For the case where M is headed by the

free variable z, both sides reduce quickly to K.

The simulation S characterizes the relevant aspects of the Meyer-Seiber example being
considered — namely that z’s location [, is never updated (or, more exactly, that the only
references to [, are within a term of the form (derefl, ...)). The fact that Twice sets y

to twice its current value is unimportant, as is whether or not () actually calls Twice or
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whether () modifies other locations in the store.

3.2 Examples from Ian Stark

In his thesis, [Sta94], Ian Stark outlines a small language called the nu-calculus which adds
dynamic names to the simply-typed lambda calculus. A rich theory of the nu-calculus is
developed, using category theory and logical relations. The methods for reasoning within
the nu-calculus are then applied to a more realistic language called Reduced ML, which
supports integer reference types, and several example equivalences are presented. Many of
the Reduced ML examples are inspired by the Meyer-Sieber examples. We work through

one of the more interesting examples, which we call “count-up-count-down”.

3.2.1 Count-up, Count-down

Example 10 in [Sta94][Ch. 5, Sec. 4] is similar to an example used by O’Hearn and Tennent

in [OT95] and demonstrates representation independence — in this case of a simple counter.

let val r = ref 0
in
fn(x @ int) = (r:=Ir +x;1r)

end
is operationally equivalent at type int — int to:

let val r = ref O
in
fn(x : int) = (r:=Ir —x; =!r)

end

Both blocks return a function which maintains a running total of the integers to which it
has been applied. The second implementation, though, perversely maintains its counter
as a negative value. Barring issues of signed integer representations and overflow, the two

implementations should be operationally equivalent.
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A straightforward CPS translation from the first Reduced ML fragment above yields the

following metalanguage term:

[orig]l =(Ak.new 0 (Ar.x (Azk'. derefr
(Avy. updater (v, + x) (derefr £')))))

whereas the translation of the negatively-disposed fragment gives us:

[repl] =(Ak.new O (Ar.x (A\zk'. deref r
(Av,. updater (v, — x) (derefr (Av,.6' (—v;)))))))
For all continuation terms K and all stores X, the two terms behave as follows:
(Lorig] K 5 %)~ o (K L3 Sy - 01}, where
L = (A\zr'. deref r(Av,.. updater (v, + z) (derefr &')))
and
([repl] K 5 ) =50 (K B3 Slte 5 0]), where
R = (\zx'. deref r(Av,. updater (v, — z)(derefr (\v,.6" (—v,)))))
The obvious candidate simulation relation which characterizes the relationship maintained

between the two sides as they run is as follows:

S YUM 5 1)1, (M 5 So)a) |

oy =[L/z], o2 =I[R/z], fu(M,rng(31,%,)) C {z}

I & locs(M, rng(21,32)),

Ei(ly) = =32(lr)}
The states we are interested in are clearly in S, with M = (Kz), and it is a straightforward
to prove S a simulation. The only interesting case is when M = z My My, with Mj:int, and
in this case both sides clearly stay in S. It is also easy to show that all ref-typed subterms

never PCF-reduce to [, by the constraint on locations in the definition of §.
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Chapter 4

Twobit Optimizations: An Exercise

in Almost Denotational Semantics

Many well-known and widely studied transformation methods have not been
proved to be correct, and it seems that the correctness problem has received little
attention because of an implicit (and incorrect) assumption that it is sufficient

to argue the correctness at the level of the basic steps.

— David Sands [San96]

In this and the two following chapters, we detail the use of our metalanguage to prove the
correctness of several source-to-source transformations for the Scheme programming lan-
guage. The transformations we consider are representative of a wide class of optimizations
used in compilers for Scheme and for other functional programming languages. The Twobit
Scheme compiler [CH94] by Will Clinger and Lars Hansen provides the actual code we use

as a basis for our definitions of the transformations.

65
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4.1 Motivation

One of Scheme’s most notable features is a long-standing and well-developed denotational
semantics for the language [Cli84, CR91, IEE91]. The denotational semantics, which we will
refer to as the R"RS semantics, has been useful in providing a formal basis to guide imple-
mentors of the language. However, many universally accepted contextual equivalences are
false in the standard denotational semantics [CR91, Section 7.2]. There are several reasons

that the denotational semantics for Scheme cannot equate such contextual equivalences:

1. The initial continuation for evaluation of Scheme programs is not defined,
2. The domain of answers is undefined,

3. The evaluation of constants is not defined.

As a simple example, consider the Scheme expressions
e1 = ((lambda (z) ) e)
€y = €

which we would expect to be contextually equivalent.

In the R”RS semantics, a Scheme expression e evaluates to £[e], which is a function from
environments p, expression continuations x, and stores o, to answers. According to the
R™RS semantics, [e;] evaluates e, getting an expressed value, say v, then puts that v in
the store at some location, say «, then retrieves v from the store at address o and sends it
to the expression’s continuation. £[es], on the other hand, evaluates e and sends the value
to the continuation, doing no store allocation or access (for z anyway). The important
thing to keep in mind is that the continuation of £[e;] is run in a different store than the

continuation of £[ez]. A sufficiently nasty continuation can distinguish the two situations:
k= (A*o.(o(a | L) | 2) — wrong, unspecified)

The continuation k looks at the “initialized” flag of the specific location «, and if it has

been initialized it halts. Of course it may be that the evaluation of e to v allocates location
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« in both sides, in which case the two sides will behave the same. However, in the case
where « is the location allocated for the z in e;, the two sides will be different and are

therefore not equivalent.

4.2 Overview

A notable aspect of the set of optimizations we prove correct is that they are order-
dependent. That is, later optimizations rely on earlier optimizations having taken place. We
factor the suite of optimizations into a series of source-to-source and language-to-language

transformations. Each transformation is shown to preserve operational behavior.

The optimizations we prove correct — in particular assignment elimination — translate the
source Scheme program into a different intermediate language. This is representative of
many, if not all, compiler implementations. Intermediate languages chosen for translation

from source languages will typically have the following characteristics:

1. Redundant constructions in the source language will map to the same intermediate

language construct, and

2. There will be specialized constructs in the intermediate language whose use represents
derived information about the input program. For example, if the source language
supports generic arithmetic but the compiler knows that two values will always be in-
tegers, the intermediate language might support integer-specific arithmetic functions.
In assignment elimination, the intermediate language Scheme;; distinguishes between
value-bound and location-bound variables, whereas the source language, Scheme, does

not.

The framework presented in this chapter handles this important technique of translation
from the source programming language to an intermediate language, and then possibly to
another intermediate language, and so on. The task of proving a sequence of transformations

and translations correct can be presented abstractly as follows. Suppose that we have a
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set of languages, L1,...,L,, with L; being the source programming language. We have
a corresponding series of language-to-language transformations, zform, ; which transform
language L; into language L;. Finally, for each language L;, we have a translation [—];

from L; into our metalanguage. We must show that the following diagram commutes:

-1

Ly metalanguage
zform, , L lgvc
Lo = metalanguage
zform, , L lgvc
-1

L3 metalanguage

Twobit makes clever use of Scheme as its own intermediate code, with successive passes and
optimizations producing correct, runnable Scheme. The use of a single syntax for multiple
intermediate languages reduces the number of data structures that must be manipulated

by a compiler, but has no theoretical significance.

In our case, we are free to use successive intermediate languages, each with its own semantics
(i.e. translation to the metalanguage), for successive transformations, so we need no such

cleverness.

4.3 Translation from Scheme to Metalanguage

The syntax of the subset of Scheme with which we will be concerned initially is given by

the grammar in Figure 7. The language consists of expressions e and programs p.

Figure 8 contains a compositional, call-by-value translation from the Scheme subset into
the metalanguage. The resulting metalanguage terms are in continuation passing style
(CPS). The translation is a standard CPS translation — see [FWH92, App92, Sto77] for
introductions to CPS. We use a “natural” model, without an explicit environment. Free

variables in expressions are left free in the translation, with type ref (Val). As demonstrated
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ex=x|n| (lambda(z...)e) | (ee...) expressions
| (set! ze) | (letrec ((ze)...)e)
pu=rune programs

where z ranges over identifiers and n ranges over integers.

Figure 7: A subset of Scheme

in [Wan90], this setup is equivalent to the more common environment model, such as is used

in [Cli84], where the type of an environment would be Locs—ref (Val).

We use (—,...,—) and listref,; for the evident list operations. The helper function
checkargs :int— Val*—pr— pr checks that the list of values is of the correct length and stops

if not.
The type Val of expressed values is the recursive sum type of expressed values:

Val= N+ F expressed values
N =int integers
F = Val*—(Val—pr)—pr procedures

The denoted values are of type ref (Val).

For each summand S of the Val type, we include CPS injection and extraction combinators,
ing :S—(Val—pr)—pr and outg : Val—(S—pr)—pr. For example, the iny function can be

defined as:

iny o (Anuint.As: Val—=pr.s (inlyyp n))

The outg functions invoke an error (print a number and halt) if the argument is not of the
correct type (checked with the case construction). For example, the outy function can be
defined as:

outy =l (Av: Val As:int—pr.casev k (Af:F. error))

The rule for integers in Figure 8 simply injects the appropriate integer into the Val type.

The rule for an abstraction (lambda (x; ...x,) e) injects into the Val type a closure which

takes a list of values v and a continuation . When the closure is invoked at function
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[n]sem = Ak: Val—pr.iny n
[z]sem = Ak: Val—pr. derefx K

[(lambda (zy ... %) €)]sem = Ax: Val—pr.
ing (Av*: Val* \&": Val—pr.(checkargs n v*)
new "4 (listref | v*) (Azy:ref (Val). - - -
new V% (listref , v*) (Azp:ref (Val).[e]sem &) ... )) K
[(eo €1 ...en)]sem = A6: Val—pr.Jeg] sem (Af: Val.
le1]sem (Avy:Val. - -
len]sem (Avg: Val.
outp [ (Af":Val*—(Val—pr)—pr.
[ vy oyop) k)LL)
[(set! z €)]sem = Aw: Val—=pr.[e]sem (Av: Val. update z v (k Qygr))
[(letrec ((z1 e1) ... (zn en)) €)]sem = Ak: Val—pr.
new Qv (Az1:ref (Val). ... new Qv (Azp:ref (Val).

le1]sem (Avy: Val. update zyvy - - -
Ten]sem (Avy: Val. update zp,vy, ([€]semt) <))

[(rune)lsem = (Collelsem] ; O)

Figure 8: CPS translation from Scheme subset to metalanguage
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application time, n new locations are allocated, each fresh location is initialized to an
element of v and bound to the corresponding identifier z;, and the body of the closure is
run with &’ as its continuation. The arguments z; correspond to locations in memory in
order to allow for later assignments to z; via expressions of the form set!z;.... It is the
elimination of this allocation overhead whenever possible which is the goal of the assignment

elimination transformation.

The rule for application (eg ez ... e,) first extracts the closure from the value of [eg]sem and
then sends to that closure the list of values (v,...,v,) resulting from [ei]sem,---  [en]sem

as well as the current continuation, «.

The rule for assignment, (set! z e), updates the location bound to z with the value of [e]scm-
The Scheme semantics calls for the continuation to be invoked with an undefined value, for

which we use Qy,;, the canonical nonterminating term®.

The rule for recursive definitions, (letrec ((x1 e1)...(z, €,)) €) first allocates all required
locations, initializing them to a dummy value, and then updates all of the locations with
their contents within a scope which includes bindings from all mutually recursive identifiers
(1 ...zy,) to their newly allocated locations. This definition follows the official semantics,
which initializes the variables to undefined values while building up the scope (var/loc pairs)
and then destructively updates the variables to their correct values. Because the expressions

e1,... ,e, may have side effects, letrec cannot be implemented using the Y operator.

Evaluation of a program, (rune), runs the expression e with an empty store and in a context,
C, which loads the values of Scheme primitives into the store, binds the primop identifiers to
the fresh locations, and then runs e in an initial continuation, such as (Av: Val.print v stop),
for a suitable function printy,;. This definition is sufficiently general to handle primitives

which do I/O or non-local jumps, such as call-cc.

The translation of any expression has type (Val—pr)—pr, given that all the free variables

have type ref (Val):

'for example, (Y (\z: Val.z))
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Lemma 4.3.1 For a Scheme expression e and a type assignment I' such that if x € fv(e)
then T'(z) = ref (Val),

I'F [e]sem:(Val—pr)—pr

PROOF:

Structural induction on e.

[

4.4 Equivalence of Scheme Expressions

For an optimization which replaces Scheme expression e; by es to be correct in general, we
must show that the two expressions behave the same in all Scheme program contexts. From
the definition in Figure 8 of what it means to run a Scheme program, we get the following

definition:

Definition 4.4.1 (=37"") Scheme expressions e; and ey are operationally equivalent, de-

noted e; =37 eg iff for all Scheme contexts Cyem[—], and for all initial contexts Cy.

«CO[[[Cscm [el]ﬂscm] ; (b» ~sim ((CO[[[Cscm[€2]]]scm] 5 Q)» (1)

We will generally use the following relation to prove the equivalence of two Scheme expres-

sions:

Definition 4.4.2 (2,.,) For Scheme expressions e; and ea, €1 Zgem €2 iff for all closing

substitutions o, all closed terms K of type Val—pr, and all stores X3,

<<([[€1]]3ch) K; E» R sim ((([[eQHSCTnU) K; 2»

It is a straightforward calculation to show that the two relations are equivalent:
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Lemma 4.4.3 For Scheme expressions e; and eg,

scm
e1 Sy e2 & el Zgem €2

PROOF:

€1 g@%m ez < VCo, Csem -

((CO[[[Cscm[el]]]scm] 5 Q)» ~sim «CO[[[Cscm [62]]]scm] ; (b»
by Definition 4.4.1

At VC[_(Val%pr)%;ﬂr]:pr .
(Cllelsem] ; ) =sim (Cllezlsem] ; 0)

because (Y is unspecified

& VO, 3. (Cllei]sem] 5 B) =sim (Cllealsem] 5 3)
by Lemma 2.5.22

& Velosing o, K: Val—pr, stores X .

(([er]semo) K 5 Z) =sim (([e2]semo) K ; )
by Extensionality Theorem, Theorem 2.8.1

S e1 Sgem €2

by Definition 4.4.2.

4.5 Why Types are Needed in Target Metalanguage

73

It is instructive to try a translation from Scheme to an untyped version of our metalanguage

and see what happens. Scheme is a dynamically-typed language, and the R"RS denotational

semantics is given in an untyped lambda calculus, so it would seem natural to use an untyped

extended lambda calculus as the target metalanguage.

This is in fact what we did originally, and we were able to prove extensionality for an
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untyped variant of the metalanguage used in this thesis. We were disappointed, though, to
find that some simple desired equivalences did not turn out to be equivalences using our

untyped metalanguage.

Following is a simple example of an equivalence which should, but does not, hold after

translation to an untyped metalanguage.
The two source expressions we wish to show equal are e; and ey, defined below:

e, 9 49

es “ ((lambda (z) 42) 0)

The untyped metalanguage has integer constants, and the translation of an integer n is

simply (Ak.kn).
So the translation of e; is (Ax.x 42). The translation of ey is f-equal to:

(Ak.new 0 (Az.k 42))

In order to prove operational equivalence, we invoke extensionality and attempt to show

both translations equivalent in all applicative contexts.
Consider the applicative context [—] (Avk.k v) (Av. write v stop):

The translation of e, inserted into the above context, proceeds as follows, in a state with
store X:
{((Ak.k 42) (Avk.k v) (Av. writev stop) ; X))
— e (write 42 stop ; X))
!
"4 (stopped ; %)
The translation of ey proceeds as follows, starting with store 3:
(M. new 0 (Az.k 42)) (Avk.k v) (Av. write v stop) ; X))
—er (new 0 (Az.(Ak.xk 42)) (Av. write v stop) ; X))

and there is no transition for states with a term component of the form

newn My M
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so the state “hangs”.

Thus the two sides are not operationally equivalent. This comes about, in a sense, because
the continuation terms are not of the right form for the translation we use. This problem is
addressed by adding types to the metalanguage and insisting that all extensional contexts

be well-typed.

When we use the typed version of the metalanguage, and the translation [—]scm given in

Figure 8, the translation of e; is:
le1]sem = Ak: Val—pr.iny n k
The translation of ey S-reduces to the following:

le2]sem —>;Cf Ak: Val—pr.new 0 (Az:ref (Val).k 42)

By Extensionality, Theorem 2.8.1, to show [e1]sem Zve [€2]sem we must show that for all

closed metalanguage terms K of type Val—pr and for all stores X,

(ler]sem K 5 Z) Sgim (le2]sem K 5 X))

Assuming that integers are put into the left summand of the Val type, the translation of e;

reduces as follows:

([erlsem K 5 X)) —per (K (inl42) 5 5)
The translation of es does some (useless) store allocation and reduces as follows:
(Tealsem K 5 5)) =5, (K (inl42) 5 S[1— 0])

with location [ fresh w.r.t. [e2]sem, K, and 3.

The two states are easily shown to be in ay,. (with an empty partial bijection), and by

Lemma 2.5.11 (ajoc C Sgjp), We get the desired equivalence.
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Chapter 5

Assignment Elimination — A

Language-to-Language Translation

In Scheme, all bound variables may be side-effected, and therefore the Scheme seman-
tics [CR91] allocates storage for all bound variables. Many Scheme compilers, e.g. [KKR™*86],
perform a pass called Assignment Elimination in order to avoid unnecessary allocation of
storage for variables which are never mutated. Assignment elimination identifies those vari-
ables which may be side-effected, explicitly allocates “cells” for those variables, and replaces
all operations on those variables with cell operations. All variables deemed immutable are

then bound to expressed values at run-time.

We need a language in which we can distinguish value-bound (immutable) and cell-bound

(mutable) variables, and for that purpose we introduce the intermediate language Scheme ;.

5.1 Intermediate Language Scheme,,

The target language of assignment elimination is an intermediate language we call Scheme .y,
whose syntax is given in Figure 9. Scheme,.; has no set! operation but does have operations

for cell creation, reference, and update. This language is similar to the untyped example

77
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e = z|n| (lambda(z...)e)| (ee...)
| (let ((z rhs)...)e)
| (letrec ((ze)...)e)
| (cell-refx) | (cell-set! z e)

rhs = x| (make-celle)

Figure 9: Syntax of Scheme,

language featured in the work by Talcott et al. [HMST95], which has explicit cell operations.

The storage model, where location-bound variables are explicit, is similar to that of ML.

There is only one syntactic class of variables, but the variables themselves will be bound to
either values or cells. We impose a simple type-checking system to ensure that variables are
used consistently — i.e., if a variable is cell-bound, then all references and updates to it are
encased in cell-ref and cell-set! constructions. Figure 10 gives the typing rules for Scheme,;.
The rule for a lambda-expression shows that we treat lambda-bound variables as immutable
values. The last two rules guarantee the consistency of the let-bound variables and their

uses in the let-bodies. Note that the let of Figure 9 corresponds to let* in Scheme.

The semantics of Scheme,; are given by a translation into our metalanguage. Figure 11
defines the translation [—]ce; from Scheme,e; to the metalanguage. Expressed values are
still of type Val; identifiers denote either values of type Val or cells, which are of type
ref (Val).

The rule for variables no longer needs to dereference a location. The rule for abstraction no
longer allocates storage for parameters. The rules for let state that binding a variable to an-
other variable is simply renaming, whereas binding a variable to the result of a (make-cell )
operation does allocation at run-time, storing the result of [e] ey in the fresh location. The

rules for integers, application, and letrec are the same as in [—]sem.-

We can be assured that if we apply the translation [—]..; to well-typed Scheme,; terms,
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I'(z) =ref(Val) T ey e:ok

T l_cell n:ok
T b e (cell-set! x e):0k

[z Val]?_ | Feen e:ok
[ e (lambda (21 ... zy) €):0k

r l_cell 61:0k ... T l_cell en:ok

U ke (e1...en):0k

I'(z) = ref(Val) I'(z) = Val
[ ke (cell-ref z):0k ' ey z:0k
I e e:0k

[ Feen (let () e):ok

I'(xz) = Val T[zy:Val] Feey (let ((z2 Thsa) ... (zn Thsy)) €):0k
[ Feen (let ((x1 ) (22 hsa) ... (zy Thsy)) €):0k

T ke er:ok T[zyref (Val)] Feen (let ((x2 Thsa) ... (zy Thsy)) €):0k
[ Feen (let ((z1 (make-cell e1)) (o rhs2) ... (zy hsy)) €):0k

Figure 10: Type Checking for Scheme
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[] cen = Ak:Val—pr.k x

[(lambda (zy ... %) €)]cen = Ak: Val—pr.
ing (Av*: Val* \&": Val—pr.(checkargs n v*)
[[e]]cell[(li‘gtrefl U*)/$17 AR (liStrefn ’U*)/xn] F”‘,) K
[(let ((z1 z) (z2 rhss) ... (zn Thsn)) €)]cean =
[(let ((z2 rhs2) ... (zy hsy)) €)]ceulz/z1]

[(let ((x1 (make-cell e1)) (zo rhs2) ... (zy Thsy)) €)]cenr =
le1] cenr(Av1: Val. new vy (Azy:ref (Val).

[(let (w2 rhs2) . .. (xn rhsn)) €)]ceu))
[(let () e)]cenr = [e] cen

[(cell-ref x)]cenn = Aw: Val—pr.derefz &

[(cell-set! z €)]cenn = Ak: Val—pr.[€] cen(Av: Val. update z v (k 2)))

Figure 11: CPS translation from Scheme,.; to metalanguage

the resultant metalanguage terms will be well-typed:

Lemma 5.1.1 For a Schemec term e, and o type assumption I' mapping variables to

{Val,ref (Val)},

T ke e:ok = T F [e] cer:(Val—pr)—pr

PROOF:

Structural induction on F ..

[

It should be noted that it is straightforward to write implementations of make-cell, cell-ref,
and cell-set! in the original Scheme dialect which are operationally equivalent in the original
semantics to the same operators in Scheme,,; under the second translation. By supplying
such function definitions, the Twobit Scheme compiler is able to produce runnable Scheme
code as it transforms the original Scheme code into the new Scheme,.; language. This trick

is useful for debugging, among other things, but is not relevant to our correctness proofs.
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5.2 The Assignment Elimination Transformation

Figure 12 defines the assignment-elimination transformation. The transformation AFE(e)
takes a Scheme expression e and produces a Scheme,.; expression. As AFE(e) transforms
expression e, a set V is maintained of the variables which will correspond to {V}alue-
bound (i.e. never side-effected) values in the output Scheme,; term. So AE(V,e) is the
translation of Scheme expression e assuming that the variables in V' will be treated as
immutable values at run-time and do not need to be stored in cells. The translation of a
top-level expression assumes no immutable variables have yet been discovered, so AE(e) =
AE((,e). An invariant of the transformation is that for every AE(V,¢€’) encountered during

a transformation AFE(e) of a Scheme expression e, V' C fu(e).

The translation of a value-bound (immutable) variable z (i.e., z € V') is simply z. However,
if x is not in V, z is assumed mutable and thus a reference to z must be translated to

(cell-ref x).

An update of a variable z is translated to (cell-set! z...). Because membership in V by z is
based on the absence of set! z subexpressions, and because we start the AE transformation

with an empty V', we expect that if the rule for AE(V, (set! x e)) applies, then = ¢ V.

The rule for a lambda expression first determines which of its bound variables are updated
in its body, using the sv function. For each mutable local variable z; returned by sv, AE
emits a let (z; (make-cell z;)) binding. Immutable local variables (i.e. those not returned
by sv) are added to the V used to transform the body of the lambda, so that references to

those variables will not be surrounded by cell operations.
Finally, the rule for letrec treats all letrec-bound variables as mutable.

Note that in the simple case that e = (lambda (z) €¢’), V D fv(e), and there are no set!’s or
letrec’s in e, then AE(V,e) is the identity transformation (up to some let ((z z)) bindings).
If, however, e contains some updates to z, the transformation of e will bind x to (make-cell z)
and all references and updates of 2 will be enclosed in (cell-ref x) and (cell-set! x) construc-

tions. More formally, we can prove that for any Scheme expression e, AE(e) produces a
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Definition 5.2.1 (Assignment Elimination (AFE)) Let sv(e) be the set of free variables
of e that appear in e as the left-hand side of a set! expression. Define AE(e) to be AE((),e),
where AE(V, e) is defined as follows. Here V is the set of free variables that are to be bound
to values rather than locations.

z itzeV
AE(V,z) =
(cell-ref z) ifz gV

AE(V, (set! ze)) = (cell-set! z AE(V,e))
AE(V,(epe1 ... ey)) = (AE(V,eq) AE(V,e1) ... AE(V,ep))
AE(V,(lambda (z; ... zy) €))
= (lambda (z1 ... z,) (let ((z171) ... (zp 1)) AE(V' €)))
o { (make-cell z;) if z; € sv(e)
where " i if z; & sv(e)
V=V U{zi |2 &svle)} —{z; | zi € sv(e)}
AE(V, (letrec ((z1 €1) ... (zn €n)) €))
= (letrec ((z1 AE(V',e1))...(zn, AE(V' e,)))
AE(V' e)) where V! =V — {z1,...,2,}

Figure 12: Assignment Elimination
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well-typed Scheme,.; expression:

Lemma 5.2.2 For any Scheme expression e, and for a type assignment I' such that if
x € fu(e) then T'(x) = ref (Val),
r '_cell AE(B)ZOk

PROOF:

Structural induction on e.

[

For any given Scheme program, there is some number, say n, of lambda-expressions:
(Iambda ($1,1, .. ,$1,m1) 61)
(lambda (25,1, Zn,m,) €n)

In the following sections, we use the following notation to refer to the relevant parts of each

lambda-expression:

Xi = (Zigs--o) Tim,) (sequence of parameters)
C; = sv(e)NX; (set of {C}ell-bound local variables)
Vi = Xi—C; (set of {V}alue-bound local variables)

For the length of a sequence X we write #X. For the j element of a sequence X we write

X(jy; for a sequence such as X;, we write Xj(;).

5.3 Correctness of Assignment Elimination

We prove the assignment elimination transformation is meaning-preserving. That is, for

any Scheme expression e,

[[e]]scm Sve [[AE(e)]]cell

Our goal is to build a candidate simulation relation between metalanguage states which

characterizes the syntactic differences between (non-transformed) Scheme programs and
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those programs after assignment elimination, as they reduce under %;,. In the ensuing
analysis, we find that there are several different ways in which corresponding subterms can

differ:

1. The translations of Scheme lambda-expressions will differ in the bodies of their clo-
sures. The original closure body will contain new operators for all local parameters,
whereas the transformed body will only allocate storage for mutable local parameters.
In the original, references to local variables always involve store lookup with the deref
operator, whereas after transformation, references to immutable variables will not do

store lookup, as the variable will get its value via substitution.

2. When subterms corresponding to lambda-expressions are applied to a run-time con-
tinuation, they are injected into the F' summand of the Val type and sent to the

continuation.

3. When the closures are used at run-time (i.e., applied to arguments), they are extracted
from the Val type and applied to their application-time argument list and continua-
tion. At this point, the differences between the closure bodies are “exposed”, and we

see different storage behavior.

4. As the exposed bodies of corresponding closures reduce, the original term allocates
storage for all local variables, whereas the transformed term only allocates storage for
mutable local variables. For immutable local variables, in the original term we have a
substitution [l;/x;] for each immutable variable z; (and mutable too, for that matter).
In the transformed term, for the immutable variables x;, we see value substitutions

[(listref ; v*) /x;], where the variable v* contains the list of incoming arguments.

Figure 13 presents specifications for, and definitions of, macros to capture the syntactic dif-
ferences described in items 1-3 above. The macros £ and R express the initial differences

between the translations of a lambda-expression and of its transformed version.
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Initial Translation:

[(lambda (z1 ...2Zm) €)]sem =
Li(xy ... o) [e]sem ]

Lilzr...zo)[P] Y

(A&: Val—pr. ing (Av*: Val*.
A&': Val—pr.(checkargs m v*)
new V4 (listref | v*) (Axz1:ref (Val).

new V4 (listref ,, v*) (A :ref (Val).

(PK'))...))R)

[AE(V,(lambda (21 ...Zm) €))]cer =
Ri(V,O)[[AE(V', e)]cen ], with
Vi=VU{z |z &sv(e)}—

{z; | z; € su(e)}
C ={z;|z; € svie)}

Ru(V,0)[P] ¥

(Ak: Val—pr. ing (Av*: Val*.
A&': Val—pr.(checkargs m v*)
new V% (listref ;v*)) for each
(Az;:ref (Val). }wl eC

((P [(tistref; v*)/@ilaiev) &) -..)) k)

Applied to a continuation K:

((Lif@1...zm)[P]1 K) ; ) =5
((K Lol ... zm)[P]) ; B)
Lolzr...am)[P] Y
inr(A\v*: Val* \x': Val—pr.(checkargs m v*)
new "4 (listref | v*) (Azy:ref (Val).

new V4 (listref ,, v*) (A ref (Val).

(PK')...)))

((R1(V, O)P] K) 5 &) =}

cf
(K Ro(V,O)P]) : 2

Ra(V,C)[P] Y

inr(A\v*: Val* \x': Val—pr.(checkargs m v*)
new V% (listref ; v*) | for each
()\xi:ref(Val).} x; €C
(P [(listref ; v*) [ xi]zev) &) ... ))

Closure Applied to an Argument List Q:

« OUtF (£2<(II1 e (I,‘m>[[P]])
(Af:Val*—(Val—pr)—pr.
fQK);X)
where Q:Val* and K:Val—pr
Eg(]?l . .$m>[[P1, Pg, Pg]] déf
new V¥ (listref | Py) (Az1:ref (Val).

ne\'/v'{/“l(lz'strefm Py) (Axp:ref (Val).
(PLPs)...)))

{(outp (Ra(V, C)[P])
(Af:Val*—(Val—pr)—pr.
fQK);X)
where Q:Val* and K:Val—pr
_>;cf «R?)(Vv C) [[P7 Qa K]] ; E»

de
Rs(V,O)[Pr, Py, P3] 2

new V% (listref ; P,)) for each
(Az;:ref (Val). }xz eC
((P1 [(listrefi PQ)/lEi]xieV) Pg) e )

Figure 13: Definitions of £;, R; macros
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The macros L9 and Ro express the syntactic forms of the original and transformed terms
after having been applied to a continuation term K. The definitions of L9 and Ro assume

that closures go into the right summand of the Val type.

Macros L3 and Rj3 describe the two versions of the lambda-expression after having been
applied to an argument list Q@ of type Val* and a continuation K of type Val—pr. For
two states where the head redexes of the term components of both states correspond to L3
and Rg3 terms, we can see that the left-hand side will allocate new locations for each local
parameter zy,...,T,. The right-hand side, however, will allocate new storage only for the
mutable local variables (listed in C) and will use substitution for the immutable variables
(listed in V). Thus, at run-time, the storage behavior of the two sides will differ, with the

right-hand side doing potentially less memory allocation than the left-hand side.

All of the macro definitions, £;,R; (i = 1,2,3), are parameterized by the metalanguage
terms for the closure bodies. The terms for closure bodies will differ at subterms that
correspond to references to immutable parameters. In the original term, all references
correspond to a store lookup, whereas in the transformed term, references to immutable

variables are translated as variables that are substituted-for at closure application time.

The relation QE»V, defined in Figure 14, between metalanguage terms formalizes the dif-
ferences between translations of immutable variable references. The subscript V is a list
of variables that are treated as values in the transformed term. The I' in the judgement
r-m é@v N:7 corresponds to the type environment needed to prove that M has type 7.
Two metalanguage terms related by QEV will differ only in their treatment of non-mutated
bound variables, specified by the set V', and if every assignment in I' of z € V' to ref (Val)

is replaced by an assignment z: Val, the term N will have type 7 as well. In other words:
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é@:v is the least relation between metalanguage terms closed under the following rules

C'kn QIQJV n:int (CONG-INT)
AE .
F'ke~yar (7 from Figure 1) (CONG-CONST)
L= QLEV [":ref (1) (CONG-LOC)

INER Y LN oz ¢V
L'F (Az:7'.M) 25y, (Az:m'.N):m' =71

(CONG-ABS)

T+ M %y M7 THN %, N
T+ (M N) 5, (M N

(CONG-APP)

x gV T(z)=r71

(MUTABLE-VAR)
AE
'tx '~y axr

=M égv N:Val—=pr zeV TI(z)=ref(Val)
I+ (derefx M) ﬁ‘fv (N z):pr

(IMMUTABLE-VAR)

Figure 14: Definition of QEV
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Lemma 5.3.1 If V = {xy,... ,zn} and Tlz;:ref (Val)]?_, & M:7, then
Tlwgref (Val)]™_y - M 25y Nt = Tz Vall™, - Nir

PROOF:

By induction on the structure of M.

[

The notation I'[z;:7]!"_; is shorthand for the type environment T'[z1:7,... , z,:7].

The relation ‘i‘,i?v between terms is preserved by substitution by (%V)—related terms for

variables not in V:

Lemma 5.3.2 If Tjz:r'] - M %5, Nor and T+ P %5y Pir’ and o € V, then

T+ M[P/z] %5 N[P'/z]:r

PROOF:
AssuME: '+ P QLEV P
Proceed by induction on the structure of the proof of
T+ M[P/z] %5y N[P'/]:7.
(1)1. CASE: IMMUTABLE-VAR
ASSUME: 1. M = derefy M’
2.N=N'y
3.yeV
4. D[z:r'| = M’ L N Val—pr
5. T'(y) = ref (Val)
(2)1. Tlz:r'] - M'[P/z] %y N'[P'/x]: Val—pr
By IH.
(2)2. T+ M[P/z] *5\ N[P'/z]:pr
By IMMUTABLE-VAR.

(1)2. CASE: (CONG-APP)
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AssSuME: 1. M = M' M"
2.N=N'N"

(2)1. T+ M'[P/z] %5\ N'[P'Ja]:a—p
By IH.

(2)2. T+ M"[P/z] 5\ N"[P'/z]:a
By IH.

(2)3. T+ M[P/z] %\ N[P'/z]:8
By (CONG-APP).

(1)3. All other cases are similarly straightforward.

[

Consider a pair of states in which the term component of the left-hand side is L3(X) [Py, Pe, Ps],
and on the right-hand side we have R3(V', C)[ Py, Py, P;]. Further assume that the corre-
sponding “closure body” terms are related by éﬁE>V; that is, I' - P; Q{?V Pl:prfor 1 <i<3,
where V! C V and CNX = (. As the states reduce, both sides will do allocation — the
left-hand side will allocate storage for all of its local variables, and the right-hand side
will only allocate storage for its mutable local variables. The term components start in
‘i@:v but do not stay in égv. On the left-hand side, the immutable variables z; will be
replaced by location constants, whereas on the right-hand side, the immutable variables
will be replaced by actual values. Thus, where we started with éip;V—related terms such as

[+ (derefz M) ‘i@:v (N x):pr, we now have terms such as (derefl, M) %V (N @), where

in the store component of the left-hand side, at location I,;, we expect a term related to Q).

The relation Qﬁ?w 7 between metalanguage terms, defined in Figure 15, characterizes the
differences between terms which were originally related by QEV but which have been sub-
jected to run-time substitutions — of locations for variables on the left-hand side and of

values for variables on the right-hand side.
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Definition 5.3.3 (Iing for metalanguage terms)
For V. =Axy,...,zn), Z={((l1,P1),..., (g, Py)),
T-M*~¥y, Niro
ANk <n
AT (z;) = ref(Val), for1<i<n
A Pp:Val, for1 <i<k
AIM', N s.t.
ANM=M1l/x1,... lk/xE]
AN = N’[Pl/fl,‘l,... ,Pk/xk]

AT FM 25, N7

Definition 5.3.4 (Iing for stores)

Ty, %y, Sy e
A dom(X,) = dom(En)
AV € dom(Sh,) . T F 54, (1) 5y Sn(l):r

Figure 15: The Relations QEV‘ 7 between Terms and Stores

5.3.1 The Assignment Elimination Simulation Relation

Figure 16 defines a candidate simulation relation, S, g, by abstracting over corresponding
pairs of terms which differ as outlined earlier. Each of the distinct ways in which corre-
sponding metalanguage subterms might differ is handled by a substitution pair (02,0%).
The substitutions o%. and o% have domains {ul,... ’uiirfi}’ for 1 <i < 3. In o}, each u}
maps to a metalanguage term of the form £(X})[M}], whereas in o}, each u}! maps to a
metalanguage term of the form Ry (V;!, C})[N}]. The terms corresponding to the closure

bodies, Mi1 and NZ-I7 must be related by éng-

The substitution pairs (02,0%) and (0%,0%) are similar, but abstract over pairs of terms

of the forms (L9, R2), (L3, R3).

The last section of the definition of S4g requires all of the closure bodies to be %V‘ -
related. In order to simplify the notation, we assume that all of the bound variables in the

states we consider are distinct. This allows us to have a single ‘ii?v' 7 relation for the whole
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d
Sar™ {((Mo ; Sarhor, (No; Snhor) | 30,4V, Z sit.

or = ak U 0% U 0%
OR = U%QUU%UU%
fo(Mo, No,rng(Zar), rng(Bn)) C{ul, ... ul w2 oo w2 ul,.

) ny? ) no?

((op = [ug = Lo(XD) ML, yuy, = L1(Xp,) [My,]]
LR
VLTS ok = fud o RiVL CDINL -y = Ra(VA, G
| 1 = #op =Hog
(07 = [u] = Lo(XP)MT], .. upy, = Lo(X7,) [M7,]]
Lo R
VT2 3 o = [0 o Ra(VEL N i, o> Ra(V2 O, )
| no = #o07 = #o0%
( U% = [u? = £3(X§)[[Mf’,1’ ME’,2’ Mi:}]]v SR
3 3 3 3 3
(£3, R3) 3 U’gg = £3 (X:;’I’Lg)[gMng,al’ M§L3,2’ 3]\4’]’1,3,3]]]
pairs o = [ug = Ra(V, C7)[NT 1 Nig Nisl, -,
u?),g = R3(Vn?37 ng)[[Ngg,h N33,27 N23,3]]]
[ n3 = #o} = #op

['(u}) = (Val—pr)—pr, T(u?) = Val, T'(u?) = pr A
V=_x1,...,2,) A
Z= (b, P)s (I PO)) < st

for each(M, N) € {(M}, Nj)} U {(Mo, No)},

AE

AND =M~y iz Nt

AT ESh, Sy, Sy

ATF P Sy, PiVal, 1 <i<k

Figure 16: Definition of Sy

3
ey U

NIl

NI
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simulation relation, rather than different V’s and Z’s for different closures.

We show that Sag includes the translations of Scheme expressions before and after assign-

ment elimination:

Lemma 5.3.5

For any Scheme expression e, any type assumption I' such that T' & [e]sem:(Val—pr)—pr,

any metalanguage context C[—(Val_)pr)_,pr]:pr which respects T, and any store X3,

(Cllelsem] 5 ) Sar (CIAE(e)]ceu] 5 %)

PROOF:

The Z in the QF»V‘ 7 relation will be () (the empty sequence). The 0 and ¢ substitutions
will both be empty, and the o' substitutions will have elements for the translation of each
lambda expression in e. The V in {‘,@V will contain the immutable local variables of the

lambda-expressions in e.

[

Before proving that S4g is a simulation, we need a lemma about ref-typed terms:

Lemma 5.3.6 If T+ M i}ng N:ref(r), and (M,N) & Z, then

M —>;‘,Cf & N —>;‘,Cf l

PROOF SKETCH:

LET: 1.V = (x1...2y)
2. Z={,P)...(lx, Pr)), k<m
3.0+ M' "y N'iref(Val) — s.t.
4. M = M'[li/xi]i_, N = N'[P/w]i_,
5 M ileﬂ,pcf [ (by PCF standardization, Lemma 2.5.7)



5.3. CORRECTNESS OF ASSIGNMENT ELIMINATION 93

We use induction on the length s of the leftmost reduction of M to a location [/, considering
all possible forms of M’. Most cases are ruled out:
(1)1. CASE: M' =1;
is ruled out by (M,N) & Z.
(1)2. CASE: M' = (deref...), or (update...) or (io...)
are ruled out by types.
(1)3. CAsE: M' =1
By ' M’ éﬁ?v N':ref (Val), and by (CONG-LOC) rule, we must have N' =[] = N.
(1)4. CASE: all other cases
The “interesting” rule of Figure 14 is ruled out by the type of I' - M’ ’ilgv N':ref ().
Thus M’ and N' are in ‘ii?v, at the top level, via a congruence rule. Because all of the
store and I/O operators have been ruled out, that leaves head PCF redexes. We give the
0 redex case as an example.
(2)1. CASE: M' = (Az:7".Mp) My ... My,
We know that 7/ = 11— ... =7 and that T[z:7] = My:ref (7). By repeated use of
types, we argue that only (CONG-APP) and (CONG-ABS) rules apply and that therefore
T+ M' 5 N'iref(Val) implies that N' = (Az:7'.No)Ni ... Ny, with T’ - M; ~51 Ny,
for 0 <7 < k. So we have:
(3)1. lhs = (Az.My) My ... My
=5 Mo[My /x| My ... My
(3)2. rhs = (Az.Ny) Ny ... N

=3 NO[Nl/(II] N2 N Nk
(3)3. Q.E.D.

By Lemma 5.3.2, and by the assumptions I' - M; éﬁ?v N;:1; for 0 < i < k, we have

that both sides are in égv.

[

We are now ready to prove that the Sqp relation is contained in ;..

What we actually
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prove is that
SAE - [Sszm o SAE o Ssim]sim (2)

For example, it is often the case that we argue that two states are in Sag up to aj,.. But

by Lemma 2.5.11, we know that o, C S, SO we satisfy equation 2.
Lemma 5.3.7

Sar C [Sszm o SAE© Ssim]sim
PROOF:

LET: 1. ((M ; Zphor, (N ; En)or) € Sar,
2. (M ; SyNor “iefrsto (i0 M5 /)
PrROVE: 3N’ ¥ s.t. (N ; Xy hor =5, (ioN'; E) and
(M"; 20 ) Sap (N'; i)
PrOOF SKETCH: Use induction on length s of leftmost reduction, by considering all possible
cases of (M, N). Most of the interesting cases correspond to M and N headed by a variable

uz. The other interesting case corresponds to a reference to an immutable variable.

1. M= (u]1 M), N = (u]1 Ny),

2. M = (caseu My (\f.f Mg Mk)), N = (caseu Ni(Af.f Ng Nk))
3. M =u?, N =u}

4. M = (deref My My), N = (N; Ny)

5. M = (deref My My), N = (deref Ny Na)

6. M = (update My My M3), N = (update Ny Ny N3)

7. M = (new My Ms), N = (new Ny Ny)

8. M = (io M), N = (io Ny)

9. M = ((Az.Mp) My ... M), N = ((Az.No) N1 ...Ny)

—
o]

. other PCF head redexes
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(1)1. CasE: M = (uj M), N = (uj Ny)
LET: 1. 04(j) = L1(X})[M]]
2. 0x(7) = Ri(V}, CHIN,]
(2)1. Ths = ((L1(X))[M[] My) 5 Sarhoc
“lefiper (M L2AXDM]]) 5 Sarhor
(2)2. rhs = (R1(V}', C))[N/] Nyo) 5 Enor

—per {(Ne Ra(X))[N]]) 5 Sahor
(2)3. Q.E.D.

Both sides stay in Sar by adding corresponding new elements to 0’% and U%.

)[[Ml]]))

example, assume the variable u?2 is fresh. To 0%, we add the pair (u2, (L2(X

95

For

and to 0%, we add the pair (uZ, (R2(X )[[Nl]])) We assume that I' = M, wV|Z

Nt Val=spr, and so the pair ({(My u2) ; Sarhoc, (N, u2) ;

[

(1)2. CasE: M = (caseu? My (\f.f Mg Mk)), N = (caseu? Ni(Af.f Ng Nk))

ZN»O'R) is in SAE-

Same as Step (1)1, in that both sides take [ steps to stay in S4p. For this step, we add

corresponding new elements to o3£ and o3R.
(1)3. CasE: M =u}, N = u}
LET: 1. 0}(j) = (Xg)[[ ]17 ]27 3]]
2. 0% (j) = R3(V3 03)[[ 3,1 ]2’ j,3]]
ASSUME: FI—M3- VN3 7, 1<i<3
(2)1. lhs = {(new "% (listref, MﬁQ) (Azy:ref (Val). - -
w Vel (listref ,,, M]?’Q) Az :ref (Val).
(M3, M2,)...)) s Sar)or
1fX3 (X1, Tm)
>_(>)left,sto «(MJ?H M]:;S)[ll/xl]lnzl )
ESull = (listrefz-Mj%Z) T
= lhs’
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(2)2. rhs = ((new V% (listref, Nj?),Z) for each z; € 0]3
(Az;:ref (Val).
(N3 [istref ; o) [2i]p,cvs Nig) ... ) s Sxhor
o (N2, [istrefs N3 fail, v [/, co Nig)
Y[l — (listref,; Nj‘o’g)]iec?))an

=rhs’
(2)3. Q.ED.

To get (lhs’, rhs’) in S, we need to add some pairs to the Z component of the éng
relation. Specifically, add the following pairs to Z:
{(ts, (listref Njy)) | @i € V')
(1)4. CASE: M = (deref My Ms), N = (N1 N3)
It must be that we have a case of the ([z],z IMMUTABLE) rule from Figure 14.
LET: 1. M = M"[l;/7;)%_,, N = N"[P;/z;)k_,,
forz; € X and ({;, P) € Z, 1 <i <k.
2. M" = (derefz; M}) and N" = (N} z;),
3.7+ My Ly N{':Val—pr
4. Sar(ly) = P st P25, B
So, we have I' - M" XLy N":pr by rule ([z], £ IMMUTABLE).
(2)1. lhs = ((derefl; My ; Spr)or
Stefi,sto (M1 Pl) 3 Saroc
i§left,sto ((ioM"; /)
(2)2. ths = (N1 P;) ; Zn)or

—%o (ioN' 5 X0 by TH(< s) and (CONG-APP)
(1)5. CASE: M = (deref M Ms), N = (deref Ny N3)

We have T - M’ 25, N':pr by rule (CONG-CONST) for the deref constant, for M = Mo,
and N = N'og.
LET: 1.+ M,y @ng Ny:ref (1)

2. '+ M, i‘ng No:T—pr
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(2)1. lhs = ((deref My My ; Spr)or
—leftpes (derefl Mo 5 Sarhor
Septsto (Mz P'); Saroe assuming Sy(1) = P
iﬁleft,sto {(ioM" ; ZIM»

(2)2. rhs = ((deref N| N2 ; En)or
—per (derefl Ny 3 En)or by Lemma 5.3.6
S0 (N2 P") 3 Sydor  with P/ 25y, P

—%, (ioN'; X)) by TH(< s) and (CONG-APP)
To use Lemma 5.3.6, we must show that M; ¢ dom(Z). We know this because the

deref expression was built with the (CONG-CONST) rule for ¢ = deref, and the locations
in Z correspond to those in the first deref case. Furthermore, those variables  which
are replaced at runtime by the locations in Z are excluded from the (CONG-VAR) rule.
(1)6. CASE: M = (update M; My M3), (N = update N N3 N3)
We have T' - M’ 25, N':pr by rule (CONG-CONST) for the update constant.
PrROOF: We again want to use Lemma 5.3.6 to show that M; and N; reduce to the same
location, and so we need to show that (M;,N;) ¢ Z. Assume for the moment that
(M, Ny) is in Z; then My must be a location, [. However, the locations in Z are a record
of substitutions for variables in the list V', and V is a list of variables which never occur
as the argument to update — contradiction. Thus M; cannot be in the domain of Z, and
we can use Lemma 5.3.6 to get M, —>;Cf [ and Ny —>;Cf [. Now both sides can then take
a single step and remain in S4r. We can then invoke the induction hypothesis at 7 < s
to get the result.
(1y7. CASE: M = (new My My), N = (new N N3)
We have T' - M’ “5y, N':pr by rule (CONG-CONST) for the new constant.
(2)1. 1hs = ((new My My ; Xpr)or
—IHeft,sto ((M21) ; Byl = My])or
" lepsto (o M B))
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<2>2 rhs = ((newN1 N2 N ZN»O'R
—sto ((N2 1) 3 B[l = Ni]or

=50 (loN"; X)) by aie and IH(j)
PROOF: We really have to show that rhs is in aj,. with (N2 1) ; Ex[l — N1]), and we

can invoke IH on that term. Lemma 2.5.11 says that aj,. preserves <., .. so we are

OK. This line of reasoning is carried out more painstakingly in the proof of the new
case in the substitution lemma.
(1)8. CASE: M =ioM;
PrOOF: Immediate.
(1)9. CASE: M = (Ax.My) My ... My, N = (Az.Ny) Ny ... Ng
We have T - M’ “5y, N':pr by rule (CONG-ABS).
PROOF: Both sides can take a (3 step and stay in Sqp. We can then invoke IH(s — 1).

(1)10. CASE: Other PCF head redexes are all straightforward.

[

Corollary 5.3.8

Sae € S

= ~Jsim

[

Now we are ready to use the S4p simulation to prove the correctness of assignment elimi-

nation.
Recall that by Lemma 4.3.1 we know that, for T' mapping free variables of e to ref ( Val),
U+ [e]sem:(Val—pr)—pr (3)
By Lemma 5.2.2, for I' mapping e’s free variables to ref ( Val), we know that
[ ey AE(e):0k
And by Lemma 5.1.1, we can deduce that

T'F[AE(e)]cen:( Val—pr)—pr (4)
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Thus the statement of the correctness of assignment elimination is as follows:

Theorem 5.3.9 (Correctness of Assignment Elimination)
For any Scheme expression e, and any I’ mapping the free variables of [€]sem and [AE(e)]cen
to ref (Val),

I'F [e]sem Zve [AE(e)] cen:( Val—pr)—pr

PROOF:

1. By the Extensionality Theorem, 2.8.1, it suffices to show that for all closing substitutions
o mapping free variables to closed terms of type ref(Val), all closed terms K of type
Val—pr, and all stores X3,

(([elseno) K  Z) Spim (TAE()]eenio) K : 2)

2. The effects of any closing substitution ¢ can be duplicated by using a closing context
Cy[—] such that the identifiers in scope at the hole correspond to the domain of o and
such that the binders of those identifiers are applied to the same elements as in the range
of o.

3. By Lemma 5.3.5,

(Collelsem] K 3 5 San (CollAE()]eat] K 5 )
for C = (Cy[—] K).
4. By Corollary 5.3.8, Sy C <

Seim» and we are done.
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Chapter 6

Lambda Lifting — A Complex

Source-to-Source Transformation

Lambda lifting transforms lambda abstractions with free variables into lambda abstractions
with fewer free variables by adding those free variables to the parameter lists of the lifted
abstractions. Once the free variables of a nested procedure have been converted to argu-
ments, the nested procedure can be lifted out of the scope of the bindings of those variables.
Lambda-lifting is done in the hope that lifting a procedure to a more global scope will re-
duce the number of times a closure will have to be created for that procedure. Further,
it is hoped that the savings in reduced closure allocation will make up for the overhead of

having to pass additional arguments to the lifted procedure.

Traditional lambda lifting lifts procedures to the outermost scope, adding all free variables of
a procedure to its argument list. The Twobit Scheme compiler of Clinger and Hansen [CH94]
implements incremental lambda lifting, which lifts nested procedures up one level — out of
an enclosing abstraction. Only variables which are free in the nested procedure and bound
by the enclosing abstraction are added to the procedure’s argument list. The process of
incremental lambda lifting can be performed repeatedly in order to bring a deeply-nested

procedure to the top level, as would be done with traditional lambda lifting. However, being

101
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able to lift only one level at a time gives the compiler added flexibility.

In order for the lambda-lifting transformation to be correct, clearly all calls to a lifted
procedure must pass any new parameters. This requires that all call sites be known, which
rules out lifting procedures that may escape their scope of definition. Also, there can be
no side-effects to the once-free-now-bound variables within a lifted procedure, as the side-
effects would, as specified in the Scheme semantics, be modifying a different cell in the

lambda-lifted body than in the original.

We prove the correctness of incremental lambda lifting as a transformation on Scheme,,;
terms. Therefore, we may assume that [—] .y is the translation into the metalanguage. In
particular, no storage is allocated for arguments to an abstraction, so there is no danger of
a bad interaction between store updates and store allocation for parameter passing. Thus
what we actually prove is the correctness of lambda lifting composed with a meaning-

preserving translation from Scheme to Scheme,.;, such as assignment elimination.

6.1 The Lambda-Lifting Transformation

The lambda-lifting transformation operates on a Scheme,; term of the form

(lambda (z1 ... Zm,) (letrec
((f1 (lambda (y1 ... ym,) €1)) ...
(fn (lambda (y1 ... ym,) €n)))
€0))

where each of the fi...f, procedures may be lifted out of the scope of the enclosing
lambda (z1 ... 2Zpm,). Recall that the Scheme letrec is not a fixpoint operator — it is a macro
for a sequence of set!’s to the identifiers for the procedures being defined. After lambda
lifting, each lifted procedure may have additional arguments, taken from the list z1 ... zy,.

We use the following notation to denote the different sequences of identifiers:
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Xo = (%1, Tmg)

Foo= (fi,-.o, fa)

Yi = (1 sym), 1<i<n

X; = {z;]z; € Xo must be added to the argument list of f;},
1<i1<n

X = (Xi,..., X))

F = <(f17Y1)"“’(fn7Yn)>

So, X is the list of arguments to the outermost lambda expression; F' is the list of local
procedure identifiers; Y; is the list of original arguments to the i** local procedure, f;; and
X is the set of identifiers to be added to the argument list of f;. Each X; is a subset of the
list Xy. We denote the collection of all X; sequences by the symbol X, and the collection

of the local procedure identifiers and their signatures by F.

The length of a sequence @) is denoted by #@Q. Sometimes we treat sequences as their
underlying sets; allowing, for example, Q1 U Q5. The i element of a sequence @ is denoted
by Q); for the i element of a sequence such as X, we write Xi(i)- To indicate the
splicing of a sequence into a larger sequence, we use the notation [z;]c ¢. For example, if

X5 = <$17$37$7>7
(M [zile x; N) rewrites to (M z1 z3 z7 N)

When the splicing operation is obvious, we may simply refer to the sequence. For example,

lambda (Y}) is shorthand for lambda (y1 ... ym,)-

The lambda-lifting transformation is defined in several steps. Figure 17 defines the con-
ditions under which lambda lifting may be performed — i.e., when a Scheme,.; term e is

lambda liftable with respect to a list of lists X.

We disallow any conflicts of bound variables — all binding constructs within the procedure

bodies e;, for 0 <4 < n, must bind variables distinct from the identifiers

1. - Tmg, J1s - fnaY1-+ Ym,, for1 <i<n

This requirement can be satisfied by alpha-renaming, which can easily be proved correct
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Definition 6.1.1 (Lambda Liftable)

Let e be an expression in Schemege, let I' be a map from the free wvariables of e to
{Val,ref (Val)}, and let X be a list of lists of variables. Then e is lambda-liftable with
respect to I' and X iff:

1. T l_cell e:ok
2. e = (lambda (Xp) €¢'), Xo=121...2Zm,y, and

3. ¢ = (letrec
((fi (lambda (Y1) 1)), Y1 =w1...ym

(fn (Iambda (Yn) en))’ Yo=uy... Yman,
60)

4. The variables x;,y;, fr are disjoint, for 1 < i < mg, 1 < j < maz(myg), 1 <k < n.
Also, all binding constructs within ey and the e bind identifiers distinct from the x;,
yj, and f.

5. All occurrences of each f in ey, e1,...,e, are in operator position, for 1 < k < n.
That is, the fi cannot be assigned to or passed out of their scope.

6. The list of lists of variables, X, has n elements, Xy,... ,X,. Letting k range from 1
to n, and treating each Xy as a set, we require that for each k,

(a) X C{z1,...,Tmg}
(b) Xk 2 (fo(ex) N Xo) U (U{X; | fi calls f;})

Figure 17: Lambda Liftable
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separately. We require the bound variables to be distinct in order to avoid scenarios such
as the following, where procedure fs shadows the variable z, confounding the transform of

a call to fi:

(lambda ()
(letrec  ((f1 (lambda (y)...z...))

(f2 (lambda (z) ... (f1 42)...)))

o (f16) . (f2T) )
gets stuck at:

(letrec  ((f1 (lambda (zy)...x...))
(f2 (lambda (z) ... (f1 7742)...)))
(lambda (z) ... (f1x6)...(f27)...))

Clearly there are various workarounds to the above problem, and we choose simply to require

that the bound variables all be distinct.

The nested procedures which we are lifting, f1 ... f,, must be known local procedures. That
is, the procedures are never passed out of the scope of the outer lambda(z; ...z, ), and the
identifiers f; ... f,, are never assigned to except by the first letrec. We enforce the restriction
that the fi be local by requiring that all occurrences of the fi be in operator position. More

sophisticated analyses are possible, but that is another research topic.

We require that, for a given f, the arguments to be added are in a solution to (a fixed point
of) a set of constraints. Before lifting fi outside the scope of lambda (z; ... zn,), any of
the z; referenced in ej, must be added to f;’s parameter list. More subtly, if f; calls f;, i.e.
if an application (fje1...en;) is a subterm of ey, then the new parameters which must be
sent to the lifted f; must be added (if not already there) to the incoming parameters of fj.
Adding these newly required parameters to fi may have an effect on the parameters added
to any f;’s which, in turn, call f; — and so on. Eventually a fixed point will be reached.
The list of arguments to the outer lambda, (z1,...,Znm,) is always a solution to the set of

constraints, though not necessarily the smallest solution.
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Definition 6.1.2 (Lambda Lifting (LL))
If Schemecey expression e is lambda-liftable with respect to a list of lists of arguments to be
added X, then the Lambda-lift of e with respect to X is defined as:

LL(Xe) e (letrec

((fl (Iambda ([wi]e)ﬁ Y. yml)
LLbody(Fa X, 61)))

(fn (lambda ([zile x, Y1 -- - Ym,,)
LLbody(Fa Xa en))))
(lambda (21 ... Zmg) LLpody (F, X, €p)))
where F' = {f1,..., fn} and where LLyoqy, is defined as follows:

Definition 6.1.3 (LLpqdy)
LLbody(F X (II) =X

LLpogy(F,X,n) =n

LLpoay(F, X, (cell-ref z)) = (cell-ref z)

LLpogy (F, X, (cell-set! z e)) = (cell-set! & LLyoqy (F, X, €))
LLyody (F, X, (fr €1 .- €m,)

):
(fr [zile x, LLbody(Fa X,e1) ... LLyygy(F, X, e, ))
if fr €F

LLpoay(F, X, (e1 ... €p)) =
(LLbody (F7 Xa 61) v LLbody(F7 X7 ep)) Zf €1 g F

LLbody(F’ Xa (Iambda (yl yp) ))
(lambda (y1 ... yp) LLpoay (F, X €))

(
LLyoay (F, X, (let ((y1 rhs1) . .. (yp rhsp)) €)) =
(Iet ((yl LLbody (F X rhsl)) (yp LLbody(Fa X, rhsp))) LLbody (F, X, 6))

LLbody(F7 X7 (Ietrec ((yl 61) T (yp ep)) 6)) =
(Ietrec ((yl LLbody (F, X, €1 )) NN (yp LLbody (F, X, ep))) LLbody (F, X, 6))

Figure 18: Lambda Lifting
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The lambda-lifting transformation, once we have a liftable e and X, is given in Figure 18.
Definition 6.1.2 shows how the function definitions are rewritten to take added parameters,
and how the various fj, are now defined outside the scope of the lambda (z ...z, ) proce-
dure. Definition 6.1.3 defines how the individual call sites are rewritten to be consistent with
the revised function definitions. The only interesting rule is the fifth, where an application
of an fr must have the new arguments added. The remaining rules push the transformation

down the Scheme,.; syntax tree.

6.2 Correctness of Lambda Lifting

Our goal is to prove that incremental lambda lifting preserves the meaning of Scheme,
terms. That is, for any Scheme,.; term e and type assumption I' mapping the free variables
of e to ref (Val), if I' F e:ok and e is lambda-liftable with respect to a list of lists of variables
X, then

I'F [elcen =ve [LL(X, €)] ceu:(Val—pr)—pr

Of course, for lambda-lifting to be a correct transformation for Scheme expressions, there
first needs to be a meaning-preserving transformation from Scheme to Scheme,.;, such as

assignment elimination.

It is important that the metalanguage terms we are concerned with are well-typed. Recall

that by Lemma 5.1.1, for a Scheme,,; term e, and a type assumption I,
I'Feen e:ok = T F [e] cer:(Val—pr)—pr.

A similar condition holds after lambda lifting:

Lemma 6.2.1 For a Schemecy term e and a type assumption I' mapping variables to

{Val,ref (Val)}, if e is lambda-liftable with respect to a list of variable lists X,

[ ey e:0k = T F [LL(X, e)] cer:( Val—pr)—pr

PROOF:
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Structural induction on F .

The most interesting case is when we have a variable reference x in e. Either z is in the free
variables of e, in which case I'(z) = ref(Val), or it occurs within some lambda (...z...)
binding. We must show that z is still bound by an enclosing lambda (... z...) in LL(X e).
If x € Xy and the reference to z is in a lifted local procedure f;, then criterion (6b) in

Figure 17 guarantees that z will be bound by the enclosing lambda ([z;]e x,, Y1 - - - Ym,,)

[

The translation of a Scheme,,;; expression e, when e is lambda-liftable with respect to a list
of variable lists X according to Definition 6.1.1, is as follows:
le] cenr = Ax: Val—pr. inp(Az*: Val* A&': Val—pr.

checkargs mo *)[€'] cent[(listref ; x*) /2] k') K
( g ) =1

where [€'] ey =Ak: Val—pr.
new Qg (Afriref (Val). - - - new Qyg (A friref (Val).
[(lambda (Y1) e1)]cerr(Avy: Val. update frv; - --
[(lambda (Y3) €n)] cett (Avp: Val. update frop,

(TeoJlcen 5)) -+ +)))
Recall that

[(lambda (Y%) ex)]cet = Aw: Val—pr. ingp (Ay*: Val* A&'": Val—pr.
(checkargs my y*)[er] cenl(listref ; y*) Jyilik ') &
We may do a few (-reductions to get the following metalanguage term:
Ihs ¥ A\x: Val—pr. ing(Az*: Val* \s': Val—pr.(checkargs mg z*)
new Qv (A fr:ref (Val). - - - new Q yu (A fr:ref (Val).
update f1(inl(Ay*: Val* . A\s': Val—pr.
(checkargs mq y*)[e1]cenor £')) -+
update f,, (inl(Ay*: Val* A&": Val—pr.
(checkargs my y*)[en]ceuon £'))

(Teo]cenr &) - -+ )oo) &
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where
oo = [(listref ; %) /]2,  and
o = [(listref ;y*) [yilicy,  for 1 <k <mn.
The translation of LL(X,e), on the other hand, is 8-equal to the following:
rhs ) Ak: Val—pr.
new Qg (Afriref (Val). - - - new Qyg (A friref (Val).
update f1 (inl(Ay*: Val* \s': Val—pr.
(checkargs my y*)[LLpoay (F, X, e1)]cenot £')) - - -
update fy, (inl(Ay*: Val* Ax": Val—pr.
(checkargs 1 y*)[LE oy (F. X en)]ech )
ing (Az*: Val* Xk': Val—pr.
(checkargs mo %) ([LLpody (F, X, €0)]cent £')00) £) -+ +)
where
of = Wistref )/ X [E5* (lstref s ™) T,
for1<k<n

Recall that each Xy € {1,...,Zm,}-

The pre-lifted translation, lhs, returns a closure which will allocate and store closures for
fi...fn whenever called. The translation of the lifted term, rhs, allocates and stores
the fi...fn closures first, then returns a closure with the identifiers f; ... f,, bound to
the new locations and which merely invokes its (lifted) body ey whenever called. Note
that on the pre-lifted side, the translation of a local procedure f; is a closure with body
(Ay*K'.[ex] cetior k'), which may have free variables x; € {x1,...,Zp,}. These free variables
are substituted-for at runtime by the oy substitution, which binds the variables z; ... z,, to
the corresponding elements of *. On the lambda-lifted side, however, these free variables
have been put into the local argument lists y* and are no longer free in the local procedure’s
closure. The oy substitution is the same, but the scope of oy covers only the innermost

closure — i.e. gy does not apply to any of the (Ay* &'.[LLpoay (F, X, e )] cenno}, ') closures.

To reiterate the motivation for the lambda-lifting transformation: lambda lifting is done
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in the hope that not having to allocate (as much) storage for the fi ... f, closures makes
up for the overhead of passing additional arguments to the local procedures. Good register

allocation may even reduce the overhead of added argument passing to zero.

By the Extensionality Theorem, Theorem 2.8.1, and by the preceding calculations, in order
to prove [e]een Zve [LL(X, €)]cen at type (Val—pr)—pr, we need to show that the lhs
and rhs terms are bisimilar when applied to a continuation in a state. For a continuation
K:Val—pr and a store X, the original term simply injects the closure into the Val type
(we assume the procedure component is the right summand) and invokes the continuation,
having done no new allocation:

{(lhs K ; %)) —pef (K L(Xo,F)[[eo]ceits - --»[en]eer ] ; ), where

L(Xo,F)[Py,...,P,] = (inr(Az*:Val*.X\&': Val—pr.(checkargs mg z*)

new Qv (A fr:ref (Val). - - - new Qg (A fn:ref (Val).
update f1 C(Y1)[P1] - - - update f,, C(Y)[Py]
(Pyk"))--+)op)), and

C(Yr)[P] = (inr(Ay*: Val* A\&": Val—pr.(checkargs my, y*) (P og)k'))
The substitutions og,o1,...,0, are as defined on page 109. Substitution og is derived

from the signature X of the outer lambda, and the oy, are derived from the signatures Y

contained in F = ((f1,Y1),..., (fn, Yn))-

The £ macro defines the structure of the metalanguage term corresponding to the trans-
lation under [—].; of a lambda-liftable Scheme,; expression. The Py parameters to £

correspond to the translations of the procedure bodies ey, e1,...,e,.

The macro C(Yy)[—] corresponds to the closure corresponding to the translation under

[]ecen of the &% local procedure (lambda (Y})ey).

The lifted term allocates new locations [q,...,[; and stores its procedure closures in these

locations before returning the closure for the lambda (Xj) procedure:
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hs K 3 ) -2 (K R(X0)[[LLsody (P X )]t D/ filly : ), where
R(Xo)[P] = (inr(Az*: Val* Ax': Val—pr.(checkargs mo z*)(P £')oy)),
Y =Xl = (X1, Y) [ [LLbody (F, X, €1) et Wi/ frlieys - - -
In = C' (X, Yo) [ [LLyoay (F, X, en)] cennon, 1[Ik / frlf—1],
C'( Xk, Yi)[P] = (inr(Ay*: Val* X&': Val—pr.(checkargs my, y*)(P o},)k"))
Again, 09, 01,...,0, are as defined on page 109. The substitutions o}, require both the

original signatures Yj; and also the added parameters Xj.

The R macro corresponds to the translation of a lambda-lifted Scheme,.;; expression. The P
parameter to R corresponds to the translation of the lambda-lifted body of the ey procedure

body.

We next consider what happens at runtime when the closures returned by the original and
lifted terms are actually used. In the original Scheme,; terms, this would correspond to
the application of the abstraction returned from evaluation of e to mg arguments. The non-
lifted metalanguage term allocates n fresh locations, storing new instances of the closures

for its local procedures at these locations. The run-time behavior will look like the following:

{(outr L(Xo,F)[[eo]ceuts - - - [enlceu] (A f: Val*—=(Val—pr)—pr.
(f (M., Mp,) My)))
; 5)
=40 ((Teolcen My)ad [/ fili=y 5 =)

where

S'(Ik) = C(Yi)[lerlcenloolls/ filiy

d
o M)

The substitution o)/ is the “instantiation” of the g substitution, with metalanguage terms

taking the place of list references.

An important aspect of the preceding calculation is that the o}! substitution, which sub-
stitutes elements of z* (namely M ... My,,) for z;, 1 < i < my, is in effect during the

allocation for, and storage of, the local procedure closures. Thus any references to the x;
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variables in the procedure bodies ey, are captured by the o} substitution before the closure
is put in the store. Recall that in the lifted metalanguage term the closures for the local
procedures are stored earlier. Specifically, the closures for the local procedures are stored
when the closure for the lambda (X) procedure is created, but before that closure is ever

applied.

Thus, in the lambda-lifted term, much less happens when the closure for lambda (Xj) is
actually applied. We are assured that there will already be a substitution active, [I;/f;]7,

mapping the procedure identifiers to locations:

{((outp R(Xo)[leol ceullli/ fil?ey (Af:Val*—(Val—pr)—pr.
(f (N1,...,Nmy) Ni)))
; X))
—per (([eollcen No)oN L/ fill—y ; 270
where
Y(lk) = C'(Xk, Vi) [ [LLpoay (F, X, ex) ] cent J1li/ fill=y

d
o LN, fw),

Finally, let us consider what happens at runtime when a local procedure fj is applied.
In the original Scheme,; term, an application such as (f €1 ...epn,) will translate into a

standard form in the metalanguage, for which we define the A macro:

[(frer-. em)leen = (As:Val—=pr Al fx, [e1]cen, - - - [emy ] cetr, 5 1)

where

Alf,Pi,..., Py, P ] =
(deref f (Avg:Val.Py (Avi:Val ... P, (Avy,.
outp vy (Af':Val*—(Val—pr)—pr.
fHv, o n) Pr)))))
That is, the closure for the procedure is retrieved from the store (at run-time, the identifier
fr will be bound to a location), each of the arguments to the procedure is evaluated, and

finally the body of the closure is invoked with a tuple of arguments and a continuation.
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On the lambda-lifted side, the added arguments must be passed, and so we will see a term

such as:

AI[[fkkay [[elﬂcelly .- [[emk]]celly ’i]]

where

A'lf, Xk, Pry..., Py, Pi] =
(deref f (Avg:Val.Py (Avi:Val ... P, (Avy,.
outpvg (Af':Val*—=(Val—pr)—pr.
[ {{zile x, v1s- - vn) Pi)))))
The differences between [e]cy and [LLpogy (F, X, €)]cen are characterized by the relation
Lwagdy, defined in Figure 19. The only interesting rule, (APP-f}), corresponds to the trans-
lation of an application of a known local procedure, where the additional parameters, Xy,
are inserted into the call. The rule CONG-VAR rules out the special case which is handled
by the (APP-f) rule. FF is used not only to match the procedure identifiers f; but also to

specify the my’s (the number of parameters for each local procedure).

We can prove that the nggdy relation captures the effect of the LLj,q, transformation on the
translations into the metalanguage. In the following, after stating that a Scheme expression
e is lambda-liftable with respect to a list of variable lists X, references to metavariables F,
e, € and so forth refer to the sub-parts of e as in Figure 18. Also, the C operator denotes

the subterm relation: e/ C e means that €’ is a subterm of e.

Lemma 6.2.2 If e is lambda-liftable with respect to X, and if ¢’ C e such that T' & [e'] cen:T,
then

LLy,
U, X, F [t ~5" [LLbody (Fy X, €)]cett:™

PROOF:

Structural induction on €.

[
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Llyody . .
Given X = (X1,...,X,)) and F = ((f1,Y1),...,(fn, Yn)), ~5" is the least relation closed

under the following rules:

LLy,
[[z:7],X,FFz =" 27, z¢dom(F) (CONG-VAR)

LLbody

LX,Fle ~ ar (7 from Figure 1) (CONG-CONST)
LIy,
X, F IS Tref (1) (CONG-LOG)
LLy, LLy,
O,X,F+M 8% N7 TEM 5" N
T (CONG-APP)
I,X,FF (M M) 5% (NN'r
LLbody .
OX,FEM;, ~" Ni:(Val—pr)—pr, 1<i<my
LLy,
I, X,F+ M, ~5" Ny.:Val—spr
M:A[[fk,Ml,...,Mmk,M,i]] (APP—fk)

N = A'[fr, Xk, N1,..., Nm,, Ni]

body

LL
I'X,FFM ~s" N:pr

. - LLbody
Figure 19: Definition of ~»" on Terms
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. LLbody . . . LLbody
The relation ~~ " is closed under substitution by ~~ "-related terms:

body body

LL LL
Lemma 6.2.3 If T'[z:7'|,X,F+-M ~" N:t and if T, X,F+ M~ N7, then
! LLpody !
T,X,F - M[M' /2] " N[N /2]

PROOF:

Structural induction on M.

[

We are now ready to prove the correctness of the incremental lambda lifting transformation
on Scheme,.; terms. We have already started the process by appealing to the Extensionality
Theorem 2.8.1 and reducing both sides in a state with a continuation of the correct type.
We now construct a candidate simulation and show that the two sides always stay in the

simulation relation (up to other simulation relations, as usual).

Figure 20 defines the candidate simulation Szz. The substitution pairs (o4, 0l,) and (o, o))

abstract out the “interesting” subterms using placeholders u; ... uy, and vy ... v4y,.

The terms substituted for the u; variables correspond to unevaluated translations of the
(lambda (Xj) ...) expressions — on the left-hand side the local procedure bodies remain in
the term component of the state, whereas on the right-hand side the procedure bodies have

LLy,
already been put in the store. The corresponding procedure bodies are related by Nl

The terms substituted for the v; variables correspond to evaluated [(lambda (Xo) ...)]cen
terms. For each side, this means an active substitution for the z; € Xy parameters, and on
the left-hand side, there is also a new set of bindings for newly-stored closures, [I%/f,]?_,.

LLy,
Again, all of the corresponding procedure bodies are related by 8,

Lemma 6.2.5 Sy is a simulation.

PROOF:
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Definition 6.2.4 (SLL)
Given X = (Xq,..., X)) and F = ((f1,Y1),..., (fn, Y2)),

def

S = {((M ; E))o, (M ; X)o’) |

( Ju,v € Var® s.t.

fo(M,rng(X),mg(X)) CulUv

o=o,Uagy,

o' =ol,Uaol

3%y s.t. dom(Xp) C dom(X), and dom(Xy) C dom(X')
(T'+ M:pr) = (T(u;) = Val, T'(v;) = pr)

preamble <

((IME, M, ... MY NG Ny, .o Ny, for 1 <i < #u s.t.
ou = [ui = (L(Xo, F)[M, ..., Mi]) 1

unevaluated o, = [ui = (R (XO)[[NO]][lk/fk]k 1)]

lambda (X) < S = Solly — (C'(X;, V) [N; 1w/ £l )] =

closures
LI,
T, X,F - M§ 5" Ni:(Val—pr)—pr 1<i<#u

. LLy,
| TVX,F - M 8" Ny(Valospr)—pr | LSEST
(3M;, ML, .. M;m ,N;, Nm,..., N: - for1<i<#v st.
Oy = ['Uz = Mz[l%c/fk]k 1[ /17]]] l]z 1
evaluated oy, = [vi = N; [NZ /%] k] feli— 1]
lambda (X) 5 = s[11 — (COYR)IMEN/ flfpy [ME Jai1me) 1
closures
LLbody
I'X,FF M, N;:pr, for 1 <1 < #wv
. LLy, : . .
| X, F - M, i N} :Val, for 1 <i < #v,1<j <my
}

Figure 20: The S1; Candidate Simulation
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Str C[Seim o StLo S

~S1m Nsim] stm

PRrROOF SKETCH: By induction on the number of steps in the leftmost reduction of the left-

ha

M:

1.

2
3
4
5.
6
7
8

nd side to an I/O operator, by considering the possible forms of the term component
M = (caseu; (A\f.f Mg Mg) Min;)

.M =

. M = (deref My My)

. M = (update M} My Ms3)
M = (new M; M>)

. M = (io M)

.M = (Az.My) My ... My)

. other PCF head redexes

The first two cases are the most interesting.

(2)1. CASE: M = (caseu; (A\f.f Mg Mg) Min;)

AssuME: I' = Mg: Val*, Mg:Val—pr, My :int—pr

Mg = (M,..., Mp,)
This case corresponds to the (lambda (Xj) ...) in question having been applied to a
set of arguments, e; ...en,. The translations of the argument expressions correspond
to the M; metalanguage terms, for 1 < j < mg. We can expect the left-hand side to
store a new set of closures for its local procedures before evaluating its body, whereas
the right-hand side gets right to its body:
(3)1. Left-hand side reduces:
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{((caseu; (Af.f Mg Mk) Mint) ; ))o
— ((case (L(Xo, )[Mj, ..., Mi)(AS.f Mg Mic) Miny)
; X))o
= {((case (inr(Az*: Val* Ak': Val—pr.
new Qyar(Afr:ref (Val). - - - new Qyar (A friref ( Val).
update fi C(Y1)[M] - - update f,, C(Ya) [M;]
(checkargs mo &*)(Mg 1)) - o))
(Afo f (M) ... Myy) M) Miny)
; X))o
=pef {(new Q (Afi. - new Q (Afn.
update f1 C(Y1)[(M{o)] - - - update f,, C(Y;)[M;,0]
(M§ Mk)o) -+ )[(Mjo) [z;]72) s Sho

_>)lkeft,sto <<(M8[(MJU)/:L‘J]7£1 [l]lg/fk]zzl MK)U )

B[t = CORMEIIMjo) /2517 [/ Frli=y) 10D

= ((ME[M; /5172 (1} Frliey M) ;
[t~ (CY) MM /2170 [ fulpoy) Ty o
Y ihs' B0 (o M5 3,0

Note the substitution of M; terms for z; variables in the range of X. It is this

substitution that is replaced by passing z; arguments explicitly in the lambda-lifted

term on the right-hand side.
(3)2. Right-hand side reduces:
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(((casew; (Af.f Mg Mg) M) ; X')o’

= ({(case(R(Xo)[N§1[li/ fili=1) (Mf-f M M) Mint)
; X’

= (((case(inr(A\z*: Val*.\x": Val—pr.(checkargs mo z*)(N§ £")oo)[li/ fily)
(Aff (M ... M) M) Min)
; X’

=pet (NG M) [(Mj0") /5172 13/ fili=y 5 5o

= ((N3[M; [a;)70 [/ filfy M) 5 £ o

©f  hs'
(3)3. Q.ED.

To get (lhs', rhs') into Sy, we have to add new entries to the o, and o), substitutions
(which track of the applications of the closures for the outer (lambda (Xj) ...)).
We use fresh variable vy, 1, and note that no z; is in the domain of o or o', so we

have:
hs' =(((v041 Mg) 5 -

ofvgor1 = MIM;/z)70 [/ frlpoi]
and similarly with the right-hand side. The two sides are easily seen to be in
LLpody
e d

Sp, with augmented o, and o)’s, because we assume that I'\XF + MS
N¢:(Val—pr)—pr, and Lemma 6.2.3 allows us to substitute Lli/bgdy—related terms and
remain L%’gdy—related.
(2)2. CASE: M =
ASSUME: A oy (vi) = Milly/ frlp_ [My, /%]
A oy (vi) = Ni[ NG J25]70 1] filie
AT,X,F - M; 5% Noopr,
A S() = (COR M/ filp_y[ME Jai1m), for 1<k <n

body

. LL .
ATXF M S NI Val, for 1< j < myg

Ly,
For this substep, we use induction on the derivation of I', X, F -+ M; 25 N;:pr. The
only interesting case is when the last step in the derivation is a use of the (APP-fy)

rule:
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(3)1. CAsE: M; = A[fr, My,,..., M,

Ymy, »

M,]

ASSUME: A N; :A[[fk,Xk,Nyl,... Ym0 ,i]]

LLbody .
AT XF My, ~7 Ny:(Val=pr)—pr, 1 <j <my

LLbody
AN XJF - M, Ng:Val—pr
(4)1. Left-hand side reduces:
{((dereflt (Avy,: Val.M,, (Av;:Val.. My, (Avom,:Val.

outp vy, (Af':Val*—(Val—pr)—pr.
FH{or e comy) M) D/ frliea (MG /250720) 5 Bho
Zteprosto (My, (wr.... My, (Avp,.
outr (C(Ye) [MUL/ frlfo [M, [25]72)
AL f (o1 com, ) My)...))
[li/fk]’;;” 1 [M; /%]] 13 D)o
=pef (M1 (Avy.... My, (AUp,.
(Ay*: Val* Ak": Val—pr.(checkargs my y*) (M [l,i/fk]}g:l[M;j J25)72)) ok K')
(V1 ... vm, ) M) ...)
[li/fk]ﬁ 1 [M, /x]]y 11 X))o
=pcf (M1 (Ay1.... My, (AYm, -
(My[0/ frlie [MG, 251720 M) -+ +)
[l%c/fk]Z 1 [M, /%]g 3 X))o
= (M1 (Ay1. ... My, (MY, -
(Ml Filpo [MG, J25)70) M) -+ ) 5 E)o

“ 1hs' a0 (0 M Dp,)
(4)2. Right-hand side reduces:
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— {((derefly, (Avj,: Val.Ny, (Avy: Val. ... Ny, (At : Val.
outp vy, (N f':Val*—(Val—pr)—pr.
F'{lzile xp v1 - omy) Ni) o D))V 251520 5 2o
S (Nyy Q. Ny, (Ao
outr C' (X, Yie) [Nk][li/ fili—
A f! (ile xp 01+ vy ) Nig) o ) [NG, J25]520, 5 5o
=pef (N1 (A1.... Ny (AU
(Ay*: Val* A&': Val—pr.(checkargs my, y*)Nyoj. £")[li/ fil?—,
([zile x, o1+ vmy) Ni) . [N, [2]70) 5 B o
=pcf (N1 (Ay1-- .. Ny (MY -
Ny Ni) - i) filia [N, [ 25)e;ex, 5 o

“ rhs'
The last =, equality depends on the fact that the vector of values passed in

matches the o} substitution applied to the body of the closure. In particular, the
first #X}, elements of the value vector correspond to the z;’s that were added
by lambda-lifting, and the values given by [N:f;,j /7j]z;ex, make their way into the
closure.

(4)3. Q.E.D.
(lhs',rhs’) € S, by adding elements to o, and o). To make this clear, we rewrite

lhs' as follows:
Ihs' =(M; (Ayi..... My, (A,

(Vg1 M) -+ ) s Bho”
Where 0" = ofogyg1 = (M{[L/filj_, [M, Ja;172)
and likewise for the right-hand side.
(2)3. All other cases

Are easy, as the locations involved will never be the crucial [, constants.

[

The correctness result we want follows easily:
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Theorem 6.2.6 (Correctness of Incremental Lambda Lifting)

For any Schemecey expression e and list of lists of variables X such that e is lambda-liftable
with respect to X, and any T’ mapping the free variables of e to ref(Val), if T' Feey e:ok,
then

I'F [e]cenr Zve [LL(X, €)] cen:(Val—pr)—pr

PROOF:

1. By the Extensionality Theorem, Theorem 2.8.1, and the definition of =, it suffices to
show that for all closing substitutions ¢ mapping free variables to closed terms of type
ref (Val), all closed terms K of type Val—pr, and all stores X,

(([elete) K 3 =) ~gim ((ILLX, €)]eenio) K 5 5

2. It is easy to show that for all K and X,

((([eleeno) K 5 5, ((ILL(X, €)] ceno) K 5 ) €51
as St was defined exactly for this purpose.

3. By Lemma 6.2.5 and steps 1 and 2, the correctness result follows.



Chapter 7

Conclusions and Open Problems

In [RP95], Ritter and Pitts write:

It remains an open problem to find a co-inductive characterization of obser-
vational equivalence for languages like SML that combine higher order functions

and local state.

We have solved this open problem with the metalanguage defined in this thesis. As such,
the results obtained so far are of independent interest. Additionally, we have applied the
metalanguage and its theory to substantial applications from an actual compiler for the
programming language Scheme, producing the first known proofs of correctness of two

subtle transformations.

7.1 Open Problems — Future Work

The actual proofs given in Chapters 5 and 6 might appear somewhat inscrutable to some

L. Tt has been our experience that, despite the syntactic complexity of the proofs,

readers
the process of (1) devising an appropriate candidate simulation relation, and (2) doing the

ensuing coinductive proof, is fairly predictable. As such, it seems that the methods we use

or, more likely, complete gibberish to all readers

123
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might be amenable to automation. With a good theorem prover and a well-developed set
of examples and previous proofs, it may be possible to hide much of the detail and make
proofs of correctness such as those presented in this thesis accessible to a wider audience of

programmers and compiler writers.

Similarly, we believe that some of the predictability and repetitiveness of the proofs can be

encompassed by a more robust metatheory for the metalanguage.

It would be interesting to add polymorphism to the type system in order to apply our
methods to languages such as ML and object-oriented languages. A first-order exploration

of bisimilarity in an object calculus is presented in [GR96].

Generalizing our method to be parameterized by the notion of observation, and extending
the framework to handle concurrency, would also be fruitful areas of research. A starting

point for this avenue of research is [San94].
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